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whole is 8.5%. Even though sample mean company R&D
intensity (3.7%) is slightly higher than mean federal R&D
intensity (3.6%), /3 is much closer to /2 than it is to /3.
Although the ratio of R&D expenditure to sales is the
most commonly used measureof R&D expenditure,an alternative, and perhapsequally valid, measureis the ratio of
R&D scientists and engineers employed to total employment. On the second row of Table 2, I present regression
coefficients and other statistics for exactly the same sample
of firms based on this alternativemeasureof R&D intensity.
The point estimates of f13land /32 are very close to their
counterpartsbased on the ratios of R&D expenditure to
sales, and the hypothesis f13 = /32 is again rejected. But
the standarddeviationof federalR&D intensityis now only
41% higher than that of company R&D intensity;as Table
1 reveals, this causes a substantialincrease in w. The correlationcoefficientis somewhatlower, -.09 comparedwith
.02, tending to reduce w slightly. But w(1.43, -.0920) =
.3179, which is almost twice as large as (81% higher than)
the weight corresponding to the R&D expenditure data.
Consequently, the estimate of /3is 76% higher than the
estimate based on the R&D expendituredata.

To summarize, the R&D expenditure-and exploymentintensitydatayield virtuallyidenticalestimatesof the returns
to R&D classified by source of funds, but because of differences in the weight w, they yield ratherdifferentestimates
of the returns to total R&D. This example illustrates the
need to exercise caution in the interpretationof the coefficient of an aggregate when the coefficients of its components are believed to differ.
[Received June 1988. Revised July 1989.]
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We've Got the Positive Correlation BLUEs
STEVE VERRILL, MICHAELAXELROD, and MARK DURST*

Intuitionsuggests thatcombinationsof positively correlated
estimates of a quantityhave greatervariances than combinationsof independentestimatesof the quantity.In this note
we identify circumstancesunderwhich best linear unbiased
estimators (BLUEs) based on positively correlated measurements are superior to BLUEs based on independent
measures.

1.

INTRODUCTION

Scientific workersoften face situationsin which they wish
to combine multipleunbiasedestimatesof a single quantity.
These estimates may come from different laboratories,experiments, or measuring devices. Under certain circumstances (e.g., the laboratoriesshare samples, researchers,
or information),the estimates might be correlated.
The presence of correlation is not necessarily bad, and
statisticiansknow that negative correlationcan be exploited
to their advantage. If, for example, we wish to combine
two measurements,where a positive error in one tends to

be associated with a negative error in the other, the best
linearcombinationof these measurementswill have a smaller
variance than would be possible if the measurementswere
uncorrelated.In fact, if the correlationis - 1, the combinationwill have a zero varianceregardlessof how imprecise
the original measurementswere. What is not generally appreciated is that even positive correlationcan be useful.
Intuitionsuggests thatpositive correlationshouldincrease
the variance of a combinationbecause measurementswith
large positive correlations would seem to be almost a redundancy. Intuitionis correctwhen the measurementshave
equal precision, but sometimes wrong when the precisions
differ. The purposeof this note is to demonstratethat if the
variances of the individual measurementsare sufficiently
different and the positive correlationsare sufficiently high,
the quality of the combined estimates will improve.
2.

THE BEST LINEAR UNBIASED
ESTIMATOR (BLUE)

Let yl, . . , y,, be our estimates, and assume that E(yi)
/i. Let L denote the (known) covariancematrixof y. An
easy application of the theory of generalized least squares
gives us
=

*Steve Verrill is Statistician, Forest Products Laboratory, U.S. Departmentof Agriculture,Madison, WI 53705. MichaelAxelrodis Electrical
Engineer, EngineeringResearch Division, Lawrence LivermoreNational
Laboratory,Livermore,CA 95440. MarkDurst is Statistician,Computing
and MathematicsResearch Division, Lawrence LivermoreNational Laboratory, Livermore, CA 94550. This work was performedunderthe auspices of the U.S. Departmentof Energyat the LawrenceLivermoreNational
Laboratoryunder ContractW-7405-Eng-48.

?) 1990 AmericanStatistical Association

/IBLUE =

(1)

(BLUE is best linear unbiased estimator), which has variance
(2)
v=
iii'S,-11.
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Now consider the special case in which var(yi) = o-?
and cov(yi, yj) = po-1o-j.Then, for p = 0, Equations(1)
and (2) become the familiar
)

3()

/IBLUE

2)

(.

Finally, having established that positive correlationcan
yield better results than no correlation, it would be nice to
know exactly how large the positive correlationmust be for
this to hold. We answer this question by setting Expression
(6) equal to the variance at p = 0 and solving for p. This
yields

and
V=

[1 + (n

(4)
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Pbreak-even =

Now we can draw several conclusions.
3.

POSITIVE CORRELATION IS BAD

Suppose that
reduces to

r2=

V

=

=

o2(1

...

+ (n -

0=

2

Then (6)

1)p)/n.

(7)

Soforp=
-11(n1),V=0,
andforp=0,V=
o-2/
n. As p increases to 1, V increases to o-2, and our n observationshave collapsed down to a single observation.This
is the source of the notion thatpositive correlationis "bad."
POSITIVE CORRELATION IS GOOD

Suppose, however, that o-? $ o-j2 for some i, j. As p
increases to 1, the numeratorin (6) converges to 0, but the
denominatorconverges to

n

Ed

_(

di)

n ,(di-d)2

> 0

(8)

for o-i#7 0>j, some i, j. (Here, d denotes the average of the
di's.) Thus V converges to 0 as p goes up to 1. See Figure
1 for a plot of V versus p in several cases in which n = 2.
We can make this result more intuitive by considering
the following extreme case. Let Y, and Y2be perfectlypositivelycorrelated,unbiasedestimatesof ,a, with oJ, #i oJ2
Then Y1 = ju + oX18andY2 = yt + OJ28 (the same e).
Solving for ju we obtain the unbiased, zero-varianceestimator
(cr2Y1- cr1Y2)/((J2
172

d2

DI=i

-

I2

1

(d,-

d)2

D2I= d?

-

cr ).

The American Statistician, May 1990, Vol. 44, No. 2

EXAMPLE

Considerthe case n = 2. Assume that o-I< J2. By taking
the derivative of (6) with respect to p and setting it equal
to 0, we find that the worst possible variance is achieved
at p = o /o(2. Plugging this value back into (6), we see
thatthe maximumvalue is -2-. FromEquation(9), we have

=

-

-

+ (n -l)p)

1
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we obtain

(1
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Thus, as the spread in the di's relative to DI'=I dl goes up,
the amount of positive correlationneeded to improve upon
no correlationgoes down.

I
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From Equation(5) we have
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For p 7$ 0, we have
=

1
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In Table 1 and Figure 1 we consider four cases. In all four
cases, the p = 0 variance was set to 1 and we solved for
o(J, o2, maximumvariance = o-(Jand Pbreak-even- Fromthis
work we see that a 4 to 1 standarddeviation ratio leads to
BLUE improvementsover the p = 0 case for p ? .471. A
10 to 1 ratio reduces this breakevencorrelationto .2.
Remark. For illustrativepurposes, in the foregoing calculationswe restrictedourselves to the special case in which
the off-diagonal correlationsare all equal. More generally,
Equations(2) and (4) imply that correlationwill be "good"
whenever

As we have seen, this will certainly occur (for example)
whenever any pair of measurementshas sufficiently different variances and a sufficiently high positive correlation.
FurtherReading. The interestedstudentcan pursuethe
topics of generalized least squares and BLUEs in Searle
(1971), Seber (1977), or Kendall and Stuart(1979). Kleijnen (1974) discussed the use of negative correlation(antitheticvariates)as a variancereductiontechniquein simulation
studies. Ku (1969) provideda classic referencethatprovides
an introductionto some of the problems associated with
interlaboratorytesting.

[ReceivedMarch 1988. Revi.sedAugust 1988.]
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Figure 1. The numbers indicate the o-1lo>2values associated with the curves. In all four cases, the variance at p
curves cross the dashed line above the break-even p's.
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