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Abstract: The original Shapiro—-Wilk statistic is extended for testing normality when the observations are Type I or Type 11 censored.
We determine its large sample limit distribution under Type I or Type II censoring. This censored data limit distribution has an
interesting relation to the complete sample solution and is obtained from it by replacing each Hermite polynomial with a censored
data form. The same limit distribution also applies to several variants of the Shapiro-Wilk statistic which are related to the
correlation coefficient associated with a normal probability plot.
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1. Introduction

Let X=[X,,,..., X,,]" be the vector of order statistics from a random sample of size n. A commonly
applied check for normality is to calculate the Shapiro—Wilk (1965) statistic, W,

n
wW=(m VXY /lm V'V "'m ¥ (X,-X) (1.1)
i=1
where m, V are the expectation vector and covariance matrix of the order statistics from a sample of n
standard normal random varnables. One popular variant, the Shapiro and Francia (1972) statistic, is
obtained by replacing V' by the identity 1.

Filliben (1975) and Ryan and Joiner (1973) noted that the Shapiro—Francia statistic could be written as
the square of the correlation coefficient associated with a normal probability plot. Filliben proposed
calculating the correlation coefficient from a plot of X, versus the median, M,,, of the ith order statistic
from a sample of n standard normal variables and Ryan and Joiner (1973) proposed using the closely
related score H,, = H(i/(n+ 1)) where H( ) is the inverse of the standard normal c.d.f.
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An extension of these latter statistics to Type II censored data takes the form

[n8]
Z (‘Xvin_Xn.S)(bin_bn‘S)
i=1
r(X’ b’ 6) = (18] [n8] 1/2 (1‘2)

Y (X~ X5) L (bin—Bus)

i=1 i=1

where 0 < 8 <1, [ ] is the greatest integer function,

{nd] [n8]

Bn,6= Z bin/[na]’ )?n,8= Z ‘Xm/[nal
i=1 i=1

and b,,= H,,, M,,, or a related score.

The Type I censored data version has the same form except that the upper limit of summation and
divisor for the mean is replaced by the random number of order statistics observed.

Our censored data extension of the Shapiro-Wilk statistic is obtained by replacing b in (1.2) by
a=V'm.

Smith and Bain (1976) proposed (1.2) with the normal scores H,,.

The major result in this paper, the limit distribution of r(X, H, 8), is presented in Theorem 1 below.
Leslie, Stephens and Fotopoulos (1986) established the asymptotic equivalence of r(X, H,1) and
r(X, a, 1). Verrill and Johnson (1987, 1988a) established the asymptotic equivalence of r(X, H, 8) with
r(X, b, &) for a wide class of alternative scores, b (including the Shapiro-Wilk scores, a). Verrill and
Johnson (1988a) also provide tables of critical values and discuss a small sample power study.

Before proceeding with the statement and proof of Theorem 1, we need to define a number of
constants. The definitions are analogous to those in DeWet and Venter (1972, 1973). Let

[n8]
t3.8 = Z (Hin - Hn,&)z/[nsl' (13)
i=1
Let
’ ’ i _ 1
Hp=H (n+1)_ ¢(H,,)
where ¢(x) is the standard normal p.d.f.
Let
w0, = 3 /(4 D)1= i/(n+ 1))
~a ¢*(H;,)(n+1) '
[n8] [nd] T
5= L X G e (H ST D) (14)
’ (23] (n] (Hrn - I_{_n,a)(Hsn - I_{.n,S)T;sn
a,, = >
o r=1s=1 <I’(}Im)‘p(I{sn)[ns](”-I'-]')tr?.ﬁ
where

r s
T""=T(n+1’n+1)
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and

x(1-y) ifx<y,
(1-x)y ifx>y.

T(x, ») = {

Define
0 ’ ’”
an,Szan,ﬁ_an,S_an,B' (15)

Further, set

1 8 1 8
———fH(x)dx, K3,B=§ (H(x)_K1.5)2 dx,

(1"5) 1(1—x)H(x)
K, = % dx,
o= f sy = [y b K [ ott
(1.6)
and then let
1 1 _ 1 Kis
J22~8=_2__28K3‘8’ Jn,s—l_‘g‘“s—K;,
K 2K, s—K15K,5)
1218-21/23 3 Jos=— ,gK”l,a =
1.7)
Jo = UK, (K, 5~ K sK;5) — K sKs, a)
10,6 — 3K35
. (Ke,a—Kl.GKd.B) +K; sK7s
JOOS- - —Kc 8
’ 8K3‘8 ’

2. The limit distribution

Our approach extends the methods of DeWet and Venter (1972, 1973) who established the asymptotic
theory for the complete sample case.
The limit distribution is expressed in terms of truncated versions of the Hermite polynomials:

0 forx=0,1,
1 H(x)
gn(x) = (2mm,)x/zhm( e ) for x (0, 8], (2.1)
8 (8) for x € (8, 1),

where h,, m=0,1,...,is the mth Hermite polynomial (see Rainville, 1960). Note that we have sup-
pressed the dependence of g,,(x) on 8.

Theorem 1. Let t2 5 be given by (1.3), a, s by (1.5), K55 by (1.6), and the constants J;; 5, i >j = 0,1,2, by
(1.7). For random samples from a normal distribution,

D
2[n8](1—r(X, H, 8)) —a,s/t75 — Ys/Kys
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where

(W2-EW2)+ ¥ J,(ww,— E(ww)))

3 O0gjgig2

3=

Yy =

ﬁMs

and for every M, the random variables W, W, ..., Wy, have a joint multivariate normal distribution with
expectation vector 0 and covariance matrix X p1yx(m+1, = (i), where g, ;= Is g(x)g (x)dx and the g,
are defined in (2.1).

Remarks. (1) The same limit distribution applies to the statistic r(X, b, 8) with, for example, b,, =
M, ., m,, a,, or the Weisberg—-Bingham (1975) scores. {See Verrill and Johnson (1987, 1988a).)

(2) The case of no censoring corresponds to § =1 and the orthogonality of the Hermite polynomials
then implies that the covariance terms o,, =0, i ¥ ;. The censoring introduces correlations among the
terms of the series for ¥;. Also, with no censoring, all of the J;; ; equal zero so our representation reduces
to that given by DeWet and Venter (1972, 1973).

(3) The limit distribution also applies to the squared correlation statistic. Replace 2[nd)(1 — r(X, H, §))
by [n8](1 — r3(X, H, §)).

(4) The same limit result is obtained for the Type I censored data correlation statistic. (See Verrill and
Johnson (1988a, equation (4.4)) and Verrill (1981) for details on the equivalence of the limits under Type 1

and Type II censoring.)

Proof of Theorem 1. We present the main steps for extending DeWet and Venter (1972, 1973) to the case
of Type II censoring. More details and the Type I censoring solution are given in Verrill (1981).

Because r( X, H, 8) is invariant under location and scale changes, without loss of generality, we take
X, < --- <X, to be standard normal order statistics. Following DeWet and Venter (1972), we expand
H() to obtain
2

_ _ T __t N iayn i
A,ln_I{(l]m)_Iim-,—}I(n_+_1)(l]m ’1+1)+7H (u:)(ljm n+1)

where U, is the ith order statistic from a uniform distribution, and U} lies between U,, and i/(n + 1).
After some algebra, we obtain

[n8]
Z (‘Xm - Xn.ﬁ)ztr%,ts(l - rZ(X’ Ha 8))
i=1

= tf.s(Qn,a - ["8]}’"2,3 - [”3]I’V;.2,5/’n2,6) + R, 5 (2.2)
where
{nd]

Q.s= 2. (Um— n—j-_l)z(H,("‘i‘l ))2’

i=1

[n8]y,,2v5= [n(s] ,

2

, ([28] e =5t (e = o) (5 ))
[n8]W2, = [n8]

The remainder term, R, 5, which contains the higher order derivatives, converges to zero in probability.
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The next important step is to employ the well known relation

i n+1

U= X Z}/ 32 Z*
=1

J=1 J
between uniform order statistics and independent standard exponential variables. Setting Z,=Zr—1,
from (2.2) we have

(8]
Y (X~ X,5)’(1-r¥(X, H, 8)) —a,,

i=1

n+1
== | T s— +R t? 2.3
( 7:} (Zj+1) n,8 an.B n.8/ n,§ ( )
where
n+1n+1
Zk ZI
7;: = Ckin —-d n.8 — €kin s
8 kgl lgl( kin.8 kin, & ki ,5) (n + 1)1/2 (n + l)1/2

the Z, are independent and identically distributed as standard negative exponentials minus 1,

[n8]

/\2 k i / i
igl(H"") ¢(n+l’n+l)¢(n+l’n+1)
Chins = n+1 ’ (2.4)
[n8] . [n8] .
k 1 ’ l J
ity ) (i)
J B E:l n+1l’n+1 1 4 n+1’n+1 nt1
kin,s = nE1i n+1 [n8]"
Ll _ ko
Ele(Hm—Hn‘s)tP(m,m)
€xins = n+1
[n8] _ / j
S H (B~ B 557 T
j=1 n+1
n+1 [n8]7 5
and
_[1-y ifx<y,
zIJ(X’)})_{—y if x>y.

A straightforward, but tedious analysis establishes several needed facts (see Verrill, 1981, Chapter 2 for
details):

(1) t3.6 i K3‘8’
n-—> o0
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nd
) e (%K) /el =0 )
() E(T,5)=ay,s=olin n).
Now, provided that T, s — E(T, 5) has a limit distribution, L;, (i)—(iv) and (2.3) imply that
[n81(1 = (X, H. 8)) = a,.4/125 = Lo/ Ky (2:5)
Since a, 5/12 5= o(n'/?),
n2(1-r(X, H, 8))(1+r(X, H, 8)) >0.
So, since (X, H, 8) >0, n'/*(1 — r(X, H, 8)) 5 0, and we can apply a Slutsky result to (2.5) to obtain
2Ans1(1—r(X, H, 8)) —a, /125 > Ly/Ks 5. (2.6)
Thus, to complete the proof of the theorem we need to verify that
T,0= E(T,4) > Yo, (27)

We do so in three main steps.
(1) Develop approximations ¢, 5, di, 5, €2ins 1O Chinss Ainss €xins:
(2) Show that

E * D
%~ E(Tn,s) - Y

where
n+ln+1
V4 Z
TX= Cns—dE.s— e, k . 2.8
8 kgl 1;( kin,8 kin,8 ki ,8) (n + 1)1/2 (n + 1)1/2 ( )
(3) Show that
E[(T%~E(T%) — [T,5— E(T,$)])’] 20 asn-co. (2.9)

The approximations c}y, 5, di, s, €fins- It is clear from (2.4) that ¢, ; behaves like cs(k/(n+ 1),
l/(n + 1)) where

_pvx 2)v(y, 7))
es(x, y)—j(; S(H() dz. (2.10)

It is possible to express cs(x, y) in an alternate form. To see this, consider

_(1¥(x 2)¥(y, 2)
e (x, y)-—j; 2(H(2)) dz (2.11)

which arises in the complete sample case considered by DeWet and Venter (1973). Because ¢;(x, y) is
symmetric in x, y and (by properties of the normal distribution) square integrable on [0, 1]%, DeWet and
Venter were able to express ¢,(x, y) as the quadratic limit of X5 _, A, f,.(x)f,.(») where the A, are the
eigenvalues and the f,(x) are the normalized eigenfunctions of the kernel c¢;(x, y). In particular, they
showed that

1

1
=~ and fm(x)=W

A h,,(H(x)/2?)

m
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for m=0,1,..., where h,,( ) is the mth Hermite polynomial (see Rainville, 1960) and H( ) is the inverse
of the standard normal distribution function.
Using the complete sample result (2.11), we have

cs(x, ¥)=c(x, y) —j:lp();z(zl);ii;))’ z) dz. (2.12)

Thus:
(i) ForO<x, y<d<land 8§ <z<1, we have y(x, z)=¢(y, z)=(1—2z) so

1
¢(H() n;l ()1 (¥) = K s (2.13)

where K, ; is defined in (1.6). The last equality is justified by the fact that c¢,(x, y) is also the pointwise
limit of its expansion (see Verrill, 1981, Appendix E).
(i) ForO<y<d<1,8<x<land 0<z<§, we have Y(x, z)= —z=4¢(¥, z) so

cs(x, y) =arlx, y) = /

(. 9) =ea(®3) = T m(D)fal2) = Koo (2.14)
(i) For 0 <x<d<1,8<y<1,

(5 9) = T o)) = Ko (2.15)
(iv) For 8 <x, y <1,

cs(x, y) = (5, 8) = él L f(8) Ko (2.16)

In view of the comment above (2.10) and results (2.13)-(2.16), we approximate ¢, ; by

. Sy k !
ck[n.5= Zl _r;gm(n+1)gm(n+l) _Kc,8 (217)

m=

where g,.( ) is defined by (2.1) and M, — o0 as n — .
Similarly, we approximate d,,, s by

1 k !
dfm.s=g(&(m)+Kd.a)(gl(n__,‘__1)+Kd.a) (2.18)

and €hin.s by

1 1 k k
€kins = 3K, (21/282(n+ 1 ) +Ke,a—K1,s(gl(n_+T) +Kd,8))

1 ! )
(21/2g2(n+1)+K Kl,&(gl(m)+Kd,6)) (2.19)

respectively, where g,( ), &,() are defined by (2.1) and K, ;, K, ;, K, 5, and K, ; are defined in (1.6).
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A straightforward but tedious examination of several cases (see Verrill, 1981, Lemmas 3.6-3.8)
establishes

n+1n+1

2
Z Z (Clzkln.ﬁ—cklnﬁ)z/(n*_l) njoo(),

k=1 [=1

n+l n+1

2
Y Y (dns—duns)/(n+1)" - 0, (2.20)
k=1 1[=1 n— o0

n+1 n+1

2
Z Z (el?‘/n.S - ekln,ﬁ)z/(n + 1) n::)oo 0.

k=1 1=1

The asymptotic distribution of T%. From the definitions (2.8) and (2.17)-(2.19), we have

n+ln+1{ M,
| k / ZZ
* . _ S
T;B*Z Z(Z mgm(n+1)gm(n+1) KC,B n+1
k=1 1=1 \m=1
n+1ln+1
1 k / - Z,
’El,és(gl( 1) * Ko 817 ) + Koo 75
n+ln+1
1 1 k
Z Z 8K3 (21/2g2(n+1)_K18(g1( +1)+Kd8)+Ke6

Z,.Z
n+1"

(2.21)

+ J k !
— "!'-5g"(n+1 g/(n+l)

Now the properties of the Hermite polynomials and the normal inverse H( ) imply that the g,,( )’s are
well behaved. We state this result in the form of a lemma (cf. Verrill, 1981, Appendix G).

Lemma 1. For any fixed L, m€ {1, 2,...},
|2, (i/(n+1))]

- 0,
O<gign+1 (n+])1/2 n— o0

n+1

Eog/( nil )gm(,, :L i )/(n+ ) = folgl(X)gm(X) dx,

£ ¥ %,;,-(fo‘g,(x)gm(x)dx)z ~ 0 o

I=n+1 m=n+1 ny N, 0
By equation (2.21), Lemma 1, and Corollary 6 of Verrill and Johnson (1988b), we have

D
T%—E(T%) > V. (2.22)
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Proof of Theorem 1 (continued). Given (2.7) and (2.22), it is clear that the theorem will be established if

8,=E([T}5~E(T35) = T,s+ E(T,5)]") = 0. (2:23)

To establish (2.23), let

*

Cri 8
kin,8 k

Qkin = v ES

By the definitions of T, ; and T,%, we have

A, =E([T% - E(TY%) = T,s+ E(T,)]’)

= E([Tn*s - Tn,s]z) - Ez(nﬁs - Tn,s)

n+1ln+1 2

=E Z ZakankZ/
k=1 1=1

n+1 n+ln+1

= Z aikn(.“m‘ 3)+2 Z Z al%[n
k=1

k=1 1=1

n+1
- Z Qykn
k=1

o~
)
b
i

>

(2.25)

where u, = E(Z}). By the limits (2.20) and the generalized Minkowski inequality,

4

n+1 n+1

Z Z alzln - O
n— o0

k=1 I=1

(2.26)

Results (2.25) and (2.26) yield (2.23) which completes the proof. O
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