United States
Department of
Agriculture

Forest Service
Forest

Products
Laboratory

Research
Paper

FPL-RP-666

Weibull with median 100, CV = .15

USDA
=

Asymptotically Efficient
Estimation of a Bivariate
Gaussian—Weibull
Distribution and an
Introduction to the
Associated Pseudo-
truncated Weibull

Steve P. Verrill

James W. Evans
David E. Kretschmann
Cherilyn A. Hatfield

140
|

120
|

100
|

80
|

60

60 80 100 120 140
Normal with mean 100, CV = .15



Abstract

Two important wood properties are stiffness (modulus

of elasticity or MOE) and bending strength (modulus of
rupture or MOR). In the past, MOE has often been mod-
eled as a Gaussian and MOR as a lognormal or a two- or
three-parameter Weibull. It is well-known that MOE and
MOR are positively correlated. To model the simultane-
ous behavior of MOE and MOR for the purposes of wood
system reliability calculations, we introduce a bivariate
Gaussian—Weibull distribution and the associated pseu-
do-truncated Weibull. We use asymptotically efficient
likelihood methods to obtain an estimator of the parameter
vector of the bivariate Gaussian--Weibull, and then obtain
the asymptotic distribution of this estimator.
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1 Introduction

Two important wood properties are stiffness (modulus of elasticity or MOE) and bending strength
(modulus of rupture or MOR). In the past, MOE has often been modeled as a Gaussian and MOR
as a lognormal or a two- or three-parameter Weibull. (See, for example, ASTM 2010a, Evans and
Green 1988, and Green and Evans 1988.)

Design engineers must ensure that the loads to which wood systems are subjected rarely exceed
the systems’ strengths. To this end ASTM D 2915 (ASTM 2010a), and ASTM D 143 or ASTM D
1990 (ASTM 2010b,c) describe the manner in which “allowable properties” are assigned to popu-
lations of structural lumber. In essence, an allowable strength property is calculated by estimating
a fifth percentile of a population (actually a 95% content, one-sided lower 75% tolerance bound)
and then dividing that value by “duration of load” (aging) and safety factors. The intent is that
the population can only be used in applications in which the load does not exceed the allowable
property. Of course there are stochastic issues associated with variable loads, uncertainty in esti-
mation, and the division of a percentile with no consideration of population variability. Thus, from
a statistician’s perspective, this is not an ideal approach to ensuring reliability of wood systems.
However, it is the currently codified approach.

To apply this approach, one must obtain estimates of the fifth percentiles of MOR distributions.
Currently, one method for obtaining estimates involves fitting a two-parameter Weibull distribution
to a sample of MORs. To obtain this fit, either a maximum likelihood approach or a linear regression
approach based on order statistics is permitted under ASTM D 5457 (ASTM 2010d).

Unfortunately, these methods are often applied to populations that are not really distributed
as two-parameter Weibulls. For example, in the United States, construction grade 2 by 4’s are
often classified into visual categories—select structural, number 1, number 2—or into machine
stress-rated (MSR) grades. In the case of MSR grades, MOE boundaries are selected, MOE is
measured nondestructively, and boards are placed into categories based upon the MOE bins into
which the boards fall. Because MOE and MOR are correlated, bins with higher MOE boundaries
also tend to contain board populations with higher MOR values. The fifth percentiles of these
MOR populations are sometimes estimated by fitting Weibull distributions to these populations.
Statisticians recognize that this poses a problem. Even if the full population of lumber strengths
were distributed as a Weibull, we would not expect that subpopulations formed by visual grades
or MOE binning would continue to be distributed as Weibulls.

In fact, such a subpopulation is not distributed as a Weibull. Instead, if the full joint MOE-
MOR population were distributed as a bivariate Gaussian—Weibull, the subpopulation would be



distributed as a “pseudo-truncated Weibull” (PTW). In this paper, we obtain the distribution of
a PTW and show how to obtain estimates of its parameters and its quantiles by fitting a bivariate
Gaussian—Weibull to the full MOE-MOR distribution. To do this, we first define a particular
form of a bivariate Gaussian—Weibull distribution. In Sections 2 and 3 of this paper, we describe
this form and establish that it can be fit by asymptotically efficient likelihood methods in the full
MOE-MOR case. In Sections 4 and 5, we discuss the truncated case and derive the density of a
PTW.

In a subsequent paper, we will describe a Web-based computer program that we have developed
to perform the asymptotically efficient fit. We will use a related program to fit simulated MOE-
MOR data and evaluate the small sample quality of the fits. In a third paper, we will show that
Weibull fits to PTW data can yield poor estimates of probabilities of failure.

As an aside, we remark that the bivariate Gaussian—Weibull distribution has uses other than as a
generator of pseudo-truncated Weibulls. For example, engineers who are interested in simulating the
performance of wood systems must begin with a model for the joint stiffness, strength distribution
of the members of the system. Provided that we are considering the full population, a Gaussian—
Weibull is one possible model for this joint distribution.

Bivariate Gaussian—Weibull distributions have not yet appeared in the literature. However,
Gumbel (1960), Freund (1961), Marshall and Olkin (1967), Block and Basu (1974), Clayton (1978),
Lee (1979), Hougaard (1986), Sarker (1987), Lu and Bhattacharyya (1990), Patra and Dey (1999),
Johnson et al. (1999), and others have previously investigated bivariate Weibulls.

We note that the bivariate Gaussian—Weibull distribution that we investigate in the current
paper is not the only possible bivariate distribution with Gaussian and Weibull marginals. In
essence we begin with a “Gaussian copula”’—a bivariate uniform distribution generated by starting
with a bivariate normal distribution and then applying normal cumulative distribution functions to
its marginals. However, there is a large literature on alternative copulas (multivariate distributions
with uniform marginals). See, for example, Nelsen (1999) and Jaworski (2010). (Also see Wang
et al. (2008) for an application of copulas to joint models of tree heights and diameters.) These
alternatives would lead to alternative bivariate Gaussian—Weibulls. Ultimately, the test of the
usefulness of our proposed version of a Gaussian—Weibull for a particular application will depend
on the match between the theoretical distribution and data. Still, we believe that the analysis of our
proposed version in the current paper represents a useful step in the construction and evaluation
of bivariate Gaussian—Weibull distributions.

2 A bivariate Gaussian—Weibull distribution

To generate a bivariate Gaussian—Weibull distribution, we follow Johnson and Kotz (1972). (Taylor
and Bender (1988, 1989) introduced this technique in a lumber context.) That is, let X, Xa be
distributed as independent N(0,1)’s. Define X = p+ 0X; and Y = pX; + /1 — p?X3. Then
X is distributed as a N(u,0?), Y is distributed as a N(0,1), and their correlation is p. Now let
U = ®(Y). Then U is a Uniform(0,1) random variable that is correlated with X. Finally, let
W = (—log(1 — U))"#/y. Then W is distributed as a Weibull with shape parameter 8 and scale
parameter 1/, and the pair X, W have our joint “bivariate Gaussian—Weibull” distribution. In
this paper, we require that 5 > 1. Given this generating process, it is straightforward to show (see
Appendix A) that the joint density is given by

f(z,w) = bivnorm(zx, y) x weib(w)/¢(y)



where ¢ is the N(0,1) probability density function, ® is the N(0,1) cumulative distribution function,
y=>a""! (1 — exp (—(7 X w)5>)

weib(w) = 7w’ Lexp (—('y X w)B)

and
1 1

— ————¢xp(—ar
pRy (—arg)

arg = ((z — p)*/0® = 2p(x — ply/o +y*) /(2(1 - p?))

In Figures 1-9 we provide contour plots of the bivariate Gaussian—Weibull distribution for
coefficients of variation (CV’s) equal to 0.35, 0.25, and 0.15, and generating correlations equal to
0.5, 0.7, and 0.9. The CV of a univariate distribution is its standard deviation divided by its mean.
Note that as the CV declines from 0.35 to 0.25 to 0.15 (as the Weibull shape parameter increases
from 3.13 to 4.54 to 7.91) the density contours become much less elliptical. That is, the distribution
diverges from a bivariate normal. We would expect this as a Weibull is “like a normal” for shape
near 3.6 (skewness equals 0.00056, excess kurtosis equals —0.28), and a Weibull becomes skewed to
the left and leptokurtic as the shape increases.

bivnorm(z,y) =

where

3 Asymptotic distribution of the estimated parameter vector of
the bivariate Gaussian—Weibull distribution

Now assume that we have have n independent pairs of observations, (z1,w1),..., (s, wy,) from the
bivariate Gaussian—Weibull distribution. Then we have the following theorem.
Theorem 1

D

NG B N(0,1(6)™)

>
|
™2 D 9=

where 0 = (u,0,p,7,5)", i, 6 are one-step Newton estimators based on the standard univariate
normal maximum likelihood estimators of the mean and standard deviation of a Gaussian, 7, ,5’ are
one-step Newton estimators based on the standard maximum likelihood estimators of 1/scale and
shape for a Weibull, p is a one-step Newton estimator based on the y/n-consistent estimator of p
introduced in Appendix B, and the elements of I(0) are listed in Appendix E2 (and E3).

Proof
The proof is an application of theorem 4.2 of chapter 6 of Lehmann (1983). To invoke Lehmann’s
theorem we must establish a series of conditions.

Lehmann’s conditions (A0)—(A2)
That conditions (A0)—(A2) hold is clear.

Lehmann’s condition (A)

That condition (A) holds (the existence of third partials of the density) is clear.



Lehmann’s condition (B)

Lehmann’s condition (B)(8) is established in Appendix E1. Lehmann’s condition (B)(9) is estab-
lished in Appendices E2 and E3.

Lehmann’s condition (C)

The fact that the information matrix is positive definite is established in Appendix I.

Lehmann’s condition (D)

Lehmann’s condition (D) is established in Appendix J. Wl
A Web program that obtains the asymptotically efficient likelihood estimates of the five param-
eters and confidence bounds on these estimates will be described in a subsequent paper.

4 A truncated bivariate Gaussian—Weibull distribution
In wood engineering applications, it is often the case that we do not have data from a full bivariate
Gaussian—Weibull distribution. Instead, we have data from the subpopulation that is formed by

considering lumber whose MOE values lie between two pre-determined limits, ¢; and ¢, (that is,
we have machine stress-rated lumber). It is clear that the joint density in this case is

[, w)/ (®((cu — p)/0) — (a1 — p)/0)) (1)

for = between ¢; and ¢, and 0 elsewhere.

5 The pseudo-truncated Weibull distribution

The pseudo-truncated Weibull distribution function at w is given by integrating the truncated
bivariate Gaussian—Weibull density (1) over the region [c}, ¢y] % [0, w]. That is (from result (11) in
Appendix A)

Fprw(w) = /Ow Fi(s) x Fa(s)/ (®((cu —p)/0) — @((a1 — p) /o)) ds (2)

where
Fi(s) =~78s" " exp (—(78)6) (3)
and
B= [ J%O_ﬂl_ip?exp (~ (@~ w/o — pw)? /201~ 7)) da (1)
where

y=ao" (1 — exp (475)5))
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We have

(cu—p)/o
[ e T )
a—p)/o T -
(ca—)/ (o/1=07) 1 2
= /(cl_u)/@\/ﬁ) Eexp (— (x —py/V1— p2> /2) dz (5)
B /(Cu—#)/(cr\/l—p"’)—py/\/l—p2 1
- (qw)/(m/ﬁ)fpy/\/@ V2r

= <I><(cu—u)/ <Uﬂ) —py/\/l—p2) —<I>((01—u)/ <U\/1—p2> —py/vl—p2)

From results (2), (3), and (5), the pseudo-truncated Weibull density is given by

exp (—2°/2) dx

d

ferw(w) = %FPTW(UJ) (6)

= ~APBuw’exp (‘(VW)ﬁ>
X <<I> ((cu—u)/ (0\/1 —pz> —py/V1 —02) - @ ((01—10/ (Uﬂ) —py/ﬂ»
+(@((cw — p)/0) — ((ar — p) /o))
where

y=>o"! (1 — exp (—(ww)ﬂ))

Thus, as we would expect, for p = 0, the pseudo-truncated Weibull density is simply the Weibull
density, 72 Bw?~1 exp (—(vw)ﬁ). In Appendix K, we show that as p — 1, the pseudo-truncated
Weibull density converges to 0 for w below w; or w above w, where w; is defined by

@ (Cl - ”) — 1 exp (~ (7)) (7)

g

and w, is defined by

> (C“; “) — 1 exp (~(7w)?) (8)

In Appendix K, we also show that for w € (w;, w,), as p — 1, the pseudo-truncated Weibull density
converges to

~+?BwP~t exp (*(vw)ﬁ) / (exp (*(vwz)ﬂ) — exp (*(ku)ﬁ»

That is, as p — 1, the density of a pseudo-truncated Weibull converges to the density of a truncated
Weibull.

Figures 10 and 11 are Weibull probability plots of PTW data. That is, we plot the ordered
data from a PTW sample against the predicted ordered data from the best Weibull fit to the data.
If the data really were Weibull, then the plots would be approximately linear. In Figure 10, the
generating X,Y correlation was 0, so the data actually was Weibull and the plot is approximately
linear. In Figure 11, the generating X, Y correlation was 0.99, so the data was “far from Weibull”
and the plot is quite nonlinear. For both data sets, the Weibull coefficient of variation was 0.25
and ¢ and ¢, corresponded to the 0.2 and 0.8 quantiles of the Gaussian distribution.

In Appendix L, we formally establish that pseudo-truncated Weibull distributions are not
Weibull distributions.



6 Summary

In the context of wood strength modeling, we have introduced a bivariate Gaussian—Weibull dis-
tribution and the associated pseudo-truncated Weibull distribution. In this paper, we obtain the
asymptotic distribution of the estimated parameter vector for a bivariate Gaussian—Weibull distri-
bution. In a subsequent paper, we will discuss a Web-based computer program that implements
this theory to obtain estimates of the parameters of a bivariate Gaussian—Weibull distribution. In
a third paper, we will investigate the question of whether allowable property estimates based on a
Weibull assumption can be poor if the strength population is actually a pseudo-truncated Weibull
population.
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8 Appendix A—Bivariate Gaussian—Weibull density

Let X, Y have a joint bivariate normal distribution with
X ~N(u, 02)
Y ~N(0,1)

and correlation(X,Y’) = p.
Since Y ~ N(0,1), we know that ®(Y") is distributed as a Uniform(0,1). (Here, ® denotes the
N(0,1) cumulative distribution function.) Thus, we know that

W = (—log(1 — ®(Y)))"/? /5 ~ Weibull(y, §) (9)

(a two-parameter Weibull distribution with scale parameter 1/ and shape parameter [3).
We then say that X, W have a bivariate Gaussian—Weibull distribution with parameters u, o,

p, 7, and f3.
Using the multivariate form of the change-of-variables theorem (see, for example, Rudin 1987),
we can calculate the joint density function of X, W. First, we invert Equation (9) to obtain

Yy =@ 1 <1 — exp (—(fy X W)’B))
Thus, the transform that takes (z,w) to (z,y) is

T(z,w) = ( %E;Z; > = ( o1 (1 —expgi—(’v x w)?)) >

The corresponding Jacobian matrix is

8T1/8x 8T1/8w . 1 0
0Ty /0x Tz/0w ) \ 0 ~7Buwf exp(—(y x w)?)/d (@7 (1 — exp(—(y x w)")))
and the absolute value of its determinant is
det = 'yﬁﬁwﬁfl exp(—(y X w)ﬁ)/gb (@71 (1 —exp(—(y x w)6)>>

Thus, the Gaussian—Weibull probability density function (pdf) at z,w is

bivnorm(z, y, u, o, p) x det (10)

where
y=>a""! (1 — exp (—(7 X w)5>)
and
bivnorm( )= 5 X — A x exp(arg)
ivnorm(z,y, i, 0, p) = — X ——— X exp(ar

Y, 1,0, p o (Tﬂ g

where

arg = —((x—p)*/o” = 20(e — py/o+y?) /21 = p*))
= —((@—w?/o® =2p(x — py/o +p*y* + v = p*y?) /(2(1 = p*))
= —((x—w/o—py)* /(201 = p*) - y*/2
That is, the Gaussian—Weibull pdf at =, w is given by
gaussweib(z, w; 1,0, p,7,8) = 7w’ exp (—(vw)ﬂ) (11)

1 1
e (= (@=w/o =) /20— )



9 Appendix B—,/n-Consistent Initial Estimators of the Parame-
ters

We will need the following two lemmas in our development. The first of these lemmas provides
a useful fact about the tail behavior of normal distributions. Versions of this fact have appeared
previously in the statistical literature. See, for example, the discussions of “Mills’ ratio” in Kendall
and Stuart (1977) and Johnson and Kotz (1970). The particular form of the fact described in
Lemma 1 is due to Gordon (1941). A simple proof of Lemma 1 is given in Verrill and Durst (2005).
Lemma 1

For x < 0,

2% /(@ +1) < ®(x)/ (p(x)/(—2)) < 1 (12)
and for = > 0,

2?/(2* +1) < (1= ®(x))/(¢(z)/z) < 1 (13)

where ®(z) is the N(0,1) cumulative distribution function and ¢(z) is the N(0,1) probability density
function.
Lemma 2
Let W ~ Weibull(v, 5). Then
E ((log(W))?) < o0

Proof
‘We have

00 1
/ (log(w))2 fyﬁﬁwﬁ*l exp (—(yw)*B) dw < 755/ (log(w))2w5*1dw (14)
: .
+/0 w?yP pw’ L exp (—(’yw)ﬁ> dw

We know from Weibull theory that the second term on the right hand side in (14) is finite. Consider
the first integral on the right hand side.

1 0
/ (log(w))*w’~tdw = / w? exp(w(f — 1)) exp(w)dw (15)
0

—0o0

0

nyp———

—0o0

— 1/p) /Ooow%exm—wmdw
Y (16)

A referee has noted that

E (log(W)) = — (& + Blog(v)) /5 (17)

and

E ((log(W)?) = <=5 + (E (log(W)))* (18)

662



where g is the Euler-Mascheroni constant. Result (17) follows from

/OOO log(w)~”Buw’ ! exp (—(yw)ﬁ) dw = /000 log (51/6> 7P BsB=D/B exp (—('yﬁs)> ;sl/ﬁ_lds
(4218 [ tosts)exp (~(279) s

= ; (/OOO log(t) exp(—t)dt — Blog(v)>
— (e —Blog()) /B (19)

To invoke theorem 4.2 of Lehmann (1983) to establish that our final estimators of the parameters
are asymptotically efficient, we first need to establish that our initial estimates of the parameters
are /n-consistent. (a, is a y/n-consistent estimator of a if \/n(a, —a) = Op(1). A sequence of
random variables {X,,} is O,(1) if given any € > 0, we can find constants M, N¢ such that n > N,
implies that Prob(X,, > M) < €.) As our initial estimators of ; and o, we take the standard one-
variable estimators z = > x;/n and s = 1/ (z; — Z)2/(n — 1). As our initial estimators of v and

B, we take the one-variable maximum likelihood estimators, 4 and 5. Thus, our initial estimators
of u, o, v, and 8 are y/n-consistent. Our initial estimator of p is given by

P = Suy/\/Sea X Syy (20)

where
n
Soy = Y (@i — )G — )
i=1
n
Szx = Z(xi_j)z
i=1
n
Syy = Z@i_g)z
i=1
n
y = Zﬁi/n
i=1
and

5 = gwis 9, 8) = 07 (1—exp (=(5 x w)? ) (21)
Theorem 2
where p is defined in Equation (20).

Proof
Define

[
<
<
Il
(]
<
|
<
N~—
[\



where

yi = g(wizy, B) = &7 (1 — exp <—(7 x w;)’ )) (22)

(The distinction between the “hatted” variables in definitions (21) and the “unhatted” variables in
definitions (22) is that in the hatted case, 7, 5 are replaced by their estimates 4, 3.)

We know that
T = Sgy/\/Sax X Syy

is a /n-consistent estimator of p. (That is, we know that /n(r — p) = O,(1).) Thus, we will be
done if we can show that

Vi (1= p) = Op(1) (23)
We have

T—p = Say/\/Szz X Syy — Sazy/\/ Sz X Syy
doici(@i — @) (yi — ) _ i (zi — )9 — y)

V/Szz X Syy V/Szz X Syy
S D) S D 5)
= D1+ Dy (24)

To show that \/nD; = O,(1), we need to show that

n

Vi (Zm —2) (g -5 — G — D)) /n> — 0,(1) (25)

i=1

By the Cauchy-Schwarz inequality and the fact that 37 (z; — Z)%/n = 02, we know that we can
establish result (25) by establishing that

_ ~ 2\\ 2
S wi—u-Wi—9) =0,(1) (26)
i=1
and it is clear that result (26) follows if

n

> (i —9:)° = 0p(1) (27)

=1

(This follows because > 1 (z; — 2)? < >0, 22.)
From definitions (21) and (22) we have

n n . 2
Swi—m)P=Y (Q(Uh';%ﬁ) - g(wz’;%ﬁ)) (28)
i=1 i=1
By Taylor’s theorem this equals
~ (Og(wi6) . Og(wi0) 5 4\
> (285, 5=+ 25 (- ) (29)
i=1

where 8 = (7, 8)T and 0. ; = (i, Bx:)7 lies on the line between (v, 3)T and (4, 8)T.
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Thus, given the Cauchy—Schwarz inequality, to establish result (27), it is sufficient to establish

>

i=1

and

(2

i=1

L. 2
")rem) (G =) = 0,(1) (30)

2
|e*,i) (3 B) = 0,(1) (31)

Because 4 and B are the maximum likelihood estimates of v and f, to establish results (30) and

(31), it is sufficient to establish

and

L. 2
|em-> Jn=0,(1) (32)

.. 2
> (M55 .. ) Jn= 0,0 (33

Consider result (32). We have

"/ dg(w;; 0)
> (5 e

=1

Wi <Wlow

S (Wra*,if/n (34)

2
9*,i> /n

(o

Wlow <wi <wup

+ Y (89 wi; 0 ,Z.)Q/n

Wyp <W;

S, + .59 + S5

where 0 < Wiow < Wyp. We will show that Si, Sa, and S3 are Op(1).

First, consider Sy. Let € > 0 be given. Recall that in this paper we require that 5 > 1. Because
5435 8> 1,5 wi/n B E(WT), and (from Lemma 2) Y7, (log(w;))?/n % E((log(W))?),
given any Yiew, Yup such that 0 < Yow < 7 < Yups Now < 1 < Yyup and any Biow, Bup such that
1 < Biow < B < Bup, we can find an N such that n > N implies

where A,, is the set on which

B,, is the set on which

and C), is the set on which

Z log(w;))*/n — E ((log(W))?)

prob (A, NB,NC,) >1—¢€ (35)

ﬁlow < B < /Bup and Now < ’3/ < “Yup

<1

E (W)

<1

12



Define

wiyy = (log(4/3)Y8 /)y (36)
wyy = (log(4))? /v (37)
1—exp(—(7><w1/4)ﬁ> = 1/4 (38)
1—exp (~(y xwy)’) = 3/4 (39)

Now choose wigy small enough so that
Yow X Wiow < Yup X Wiow < 1, (Yup X Wiow ) < min (1/4, (v x w1/4)6) (40)
and choose wy, large enough so that

Wyp > 1, Yup X Wup > Vow X Wyp > 1, ('Ylow X wup)ﬂlow > ('7 X w3/4)6 (41)

Let
K = min (gb <<I>_1 (1 — exp(—(Viow X wlow)ﬁul)))) , O (@_1 (1 — exp(—(Yup % wup)ﬁ{“p))))

Then, because Yigw X Wiow < 1 and 7yyp X wyp > 1, on set A, we have

10) <<I>_1 (1 — exp(— (74 X wi)ﬁ*vi)>> > K for all w; in [Wigy, Wyp) (42)
0
‘69(;];; ) W = By w e (-(%,z'wi)ﬁ*”) /¢ (‘P_l (1 - eXp(—(%,iwi)ﬁ*”')»
< B x AT x i K (43)
< Bup x vy X wap /K = My
From results (35) and (43), we know that n > N implies that
prob(Sy < M?) > 1 —«¢
That is,

Sy = 0p,(1) (44)

Now consider S7. Let € > 0 be given. As in the S5 analysis, we can find an N such that n > N
implies that result (35) holds. Then, by our previous choice of wioy (see (40)), on A,, we have

('7*,1' X wlow)ﬂ*’i < (’7up X wlow)ﬁ*’i

< (Yup X wlovv)ﬁIOW (45)
< min (1/4, (v x w1/4)6>

and thus, for w; < wiew,

0 < (ai X wi)P1 < (Yas X Wiow)™* < min <1/4a (v x w1/4)ﬂ) (46)

13



ot (1 — exp (f(’y*,i X wi)ﬂ*’i)> <ot (1 — exp <7(7 X w1/4)6)) =o1(1/4) <0 (47)

Thus, on A, for w; < Wiy, we can apply Lemma 1 to obtain

8 i 0 *,0 7 *,1 i — i
09wis0) |, | = B exp (— (oo™ ) /6 (@71 (1 = exp(— (e su09) ™)
0 ' ’
< Bii X 'yf:;”"_l X wiﬁ*’i/den (48)
< (Bup/Yow) X (yeiwi)’* /den
where
den=—(1- _ ary\ B d (1= _ oy \Bsi 4
€1 = exp( (%wwz) )) X exp( ('Y*,ﬂUZ) ) (49)

(We now want to show that den goes to 0 no faster than the (. ;w;)% in the numerator.)
By results (47)—(49), on A, for w; < wioy,
9g(wi; 0)
Oy

< = ((Bup/ o) /7 (1/4)) X (i)™ ] (1 = exp(— (i) ) (50)

*,1

Now by result (46), on A, for w; < wiey, and = = ('y*’iwi)ﬁ*vi,

1 —exp (—(’ymwi)'g*’i) = 1-(1—z+2?/20—2%/3l + 2 /41 — ..)
= z(l—=z/204+2%/3 -2 /41 +..))
> z(l—z/2)
> z(1-1/8)=xx7/8 (51)
or
1/ (1= exp(= (i) ) ) < (8/7) x (1/ (i) ™) (52)
Thus, by results (50) and (52), on A, for w; < wiew
dg(wi; 0) _
200N, | <= (B (0 (577 = (53)
From results (35) and (53), we know that n > N implies that
prob(S; < M3) > 1 —«¢
That is,

S1 = 0p,(1) (54)

Now consider S3. Let € > 0 be given. As in the S analysis, we can find an N such that n > N
implies that result (35) holds. Then, by our previous choice of wy;, (see (41)), on A, for w; > wyyp,
we have

(Vaesi X wi)ﬂ*’i > (Yow X U)UP)ﬁlow (55)
> (y X w3/4)5
S
ot <1 — exp (f(ym X wz)ﬁ“>> >®713/4) >0 (56)

14



Thus, on A,,, for w; > wyp, we can apply Lemma 1 to obtain

‘89(;);; ) il = Bl T exp (—(’Y*,z‘wi)ﬂ*’i> /é ((I)’l (1 - exp(—(%,iwi)ﬁ*”')»
< Bai X yffi’i_l X wf“ X exp (—(V*Jwi)ﬁ*vi) /den
< Bup X " X w™ X exp (—(%,iwz’)ﬁ*”') /den
where

den = exp (—(rym.wi)ﬁ*,i) % ((I)—l (1 _ eXp(—(’Y*,iwi)ﬁ*’i)))
By results (56)—(58), on A, for w; > wyp,

8")/ |0*,i

Thus, on A, N B,

n

S5 (B <l /07 3/0) % Y wl

=1

< (,Bup x 755P‘1/¢—1(3/4))2 x (E (W%p) n 1) = M

From results (35) and (60), we know that n > N implies that
prob(S3 < M3) >1—¢

That is,
S3 = Op(1)

(62)

Results (34), (44), (54), and (62) establish result (32). Thus to complete the proof of (27), we

need to establish result (33).

In general, the proof of result (33) is essentially the same as the proof of result (32). However,

there is one distinction that must be addressed. We have

dg(w;; )
B

0. = (yeitw) ™ x Tog(egws) x exp (=(egws)?) /6 (€71 (1 = exp(—(eiwi)™)) )

(63)

Given this equality, it is clear that the analogues to the results So = O,(1) and S3 = O,(1) follow
as they did in the proof of result (32). However, the analogue of S; = O,(1) requires slightly more

care. In particular, on A, for w; < wyow, we can apply Lemma 1 to obtain

(64)

i; 0 , , _ .
B0, | = s x o)) x exp (= (regun) /6 (71 (1= exp(- o))
< (eqwi)’ X [log (s iwi)| X exp (*(%,iwi)ﬁ*’i) /den
where

den = — (1 - exp(f(7*7iwi)5**i)> X <<I>_1 (1 - exp(f('y*’iwi)ﬁ*vi))>

15
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By results (47), (52), (64) and (65), on A, for w; < wioyw,

< = (/@7 (1/4)) x Pog(uiwi)| X (i) (1 = exp(—(i00)") ) (66)

< —((8/7)/271(1/4)) x log(sswi)|

89(11]7;; 0) |
8,8 9*,1'

From results (35) and (66) and the (ubiquitous) Cauchy—Schwarz inequality, we know that n > N
implies that

prob(Ty < My) >1—e€ (67)
where
.. 2

= Z (6)9(;)‘?’9)’9*,0 /n

and
My = ((8/7)/071(1/4))" x [J2 427 (B ((log(W))?) +1)* + B ((log(W))?) +1]

where

J = max (| log(Yiow)!, | 10g(7up))
That is,

Ty = 0y(1) (68)

and result (33) follows.
As noted above, results (32) and (33) establish results (30) and (31), which establish result (27)
which establishes

Vn Dy = 0,(1) (69)
To complete the proof of the Theorem we now need to show that
Vn Dy = 0,(1) (70)

To establish (70), we first need to establish a few facts about y; and g;. By the Cauchy—Schwarz
inequality and result (27), we have

VRli—§] < VA lwi— il n
i:ln "
< ﬁ(Z(yi—@i)Q/n>
L 1/2
= (;(% —@i)2> = 0p(1)
Thus,
V(72 = 5°) = vn (4 - 1) (1+7) = 0p(1) (71)



By the Cauchy—Schwarz inequality, we have

n

> @i+ i) /n

=1

IN

Z(@i —yi +2y:)%/n

i=1

By results (27) and (72) and the fact that

we have

D

=1

Z( yz /n+4z
> (i —vi)*/n+4 (

n

— yi)yi/n +4ny/n

1/2 1/2 n
@i—ym/n) (zyz/n) 1Y g
=1 =1

Y ui/n B B(Y?)
1=1

n

D i+ yi)?/n = 0p(1)

=1

By the Cauchy-Schwarz inequality and results (27) and (73) we have

n

vn

i=1

> @ —ui)/n

By results (71) and (74) we have

\/ﬁ(gyy/” — Syy/n)

From result (75) we have

Now

Jn (\/gyy/n - \/syy/n> = /1 (3yy/10 — $yy/1) / <\/§yy/n + \/syy/n> = 0,(1)

n

1
n
Vi | 2 G

i -

=

=1

Op(1)

> iy (@i = 3) (9 — y)

yz +yz)/

> i (T — )i )

V/Szz X Syy /Saw X Syy
> iy (@i — 2)(9i — y V/Saz X Byy/n? = \/5zx X syy /2
n V Sz X Syy X Szz X Syy/nt
F1 X F2

17
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By the Cauchy—Schwarz inequality and (75)

[P <
i=1 i=1
= Szx/n X \[8yy/n Lo x 1
By results (76) and (77)
\/ Saz/N

VnFy =

VSzw X Syy X Szz X Syy /0t
Results (77), (78), and (79) imply that
Vn Dy = 0,(1)

This completes the proof of the Theorem. W

n /2 /p 1/2
(Z(-’ri - E)Q/n> <Z(?)¢ - ??)Q/n>

10 Appendix C—Partial Derivatives of log(f(z,w))

Given result (10) we have

log(f(z, w)) =

—log(27) — log(o) — log ( 1- p2>

T 2wy
2(1—-p%)  2(1-p*) 2(1-p?)
+ Blog () +log(B) + (8 — 1) log(w)
— (yw)? + log <\/%> +y%/2
Thus, [first partials]
Olog(f(x,w))  z—p  py
op o*(l—p?) o(l-p?)
Olog(f(z,w)) =1 (z—pw?>  plz—py
do o o3(1—p?) o2(1-p?

9log(f(z, w))

x /i <\/§yy/n - \/syy/n> = 0,(1)

1+ p?

"1fp2‘<<xau>%+f><1f;%2+<$aﬂ>y(u

%

oy

_ p2)2

dp
T— 0 2]
Olog(fww) _ PSS 45 B pgsm
oy 1—p? L—p% oy
T— dy dy
dlog(f(z,w)) P (5H) 55 vah 1 5
35 2 1_ 2 1o+ g Hlog(w) = (yw)Tlog(yw) +y

and [second main partials]
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dy

9B

(78)

(80)

(81)

(82)

(83)



*log(f(x,w)) -1
op? ©o%(1-p?)
Plog(f(z,w)) 1 3x—p)?  2p(x—py

o2 0?2 o1 —p?)  o3(1—p?)

?log(f(z,w)) 1 22 z—p\? 1
ap? N 1—p2+(1—p2)2_<< >+y2 <(

i (x , M) ! ((1 —2/;%2 * 4<(11—+ 5;));)
)

Plog(f(z,w)  p(FH4) Py 1 dy
02 1 —p2 042 1 p?

v

032 T o1—p2 982 1-p2\\0
1
B

Plog(f(zw) _ p(5H) %y 1 ((@)2 a?y)

and [second mixed partials, y

Plog(f(z,w)) =2 —p) py 1

Oudo a3(1 — p?) + 1—p202

O?log(f(z,w))  2(x—p) p y(1+ p?)

Oudp o (1-p?? o(l-p?)?

&log(f(z,w)) — p dy (-1
Oudy C1-p20y\ o

& log(f(z,w))  p dy (1
Opdp _1—p286<0>

and [second mixed partials, o]

Plog(f(z,w) 2@ —p?*  p  (x—py 1+p%)
0ocdp o3 (1-p?)? o (1-p?)?
Plog(flx,w) _ —(@—p) _p Oy
Oodvy N o2 1—p2 Oy
Plog(flx,w)  —(@—p) _p Oy
0ocdp N o2 1—p%2° 0B
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- B sy ((8y> ryo Y

2 2
~ () log())? + ((8?’) e’

(96)

(97)

(98)



and [second mixed partials, p]

OPlog(f(z,w)) (xz—p\dy ([ 1 2p? Ay 2p
= = Sy x =L — 99
dpdry < o >07<1—p2+(1—p2)2 Yoy -2 (59)
FPlog(f(z,w)) (z—p\dy [ 1 2p* > Ay 2p
_ 9y _yx Yo 2P 100
9p08 < o )8ﬁ<1—p2+(1 2) TV X U0
and [second mixed partials, ]
9 log(f(x,w)) r—p\ p 9%y 1 (9ydy 9%y
— 2 o > - sty (101)
0v0p o 1—p?0v08 1—p? \0v0p 0v9p
+1/7 - (wﬂ log(w)By"~" + w57t + wf sy ! 10%(’7))
dyoy O
tov08 TVay08
and [third main partials]
1:
& log(f (x, w))
_ 102
o 0 (102)
. 3 log(f (z, w)) (0= 6pla—p)
0° log(f(x,w -2  12(z—p 6p(xr — 1)y
i _ 103
do3 o3 * o5(1—p?) o4 (1—p?) (103)
3:
& log(f (, w)) 6p 8p°
) _ 104
9p? 022 (02 (o4
2 3
A (r—n 9 12p 24p )
<< o ) I ) ((1—p2>3 T
L (= 2 N 8p? 4(143p%)  24p*(1 + p2)>
o JINa=—2 0= T - (1)
4:
Plog(f(z,w) _ _p (e=p\&Py 1 (090 0% (105)
o3 o 1—p2 o 0y3  1—p2 \  0yoy? yayi’)
28 saia 15 _oi-3 4 (3W %Y, Oy
g BB —=1)(B-2)7""+ 387 92 Y53
5:
FPlog(f(x,w)) — p [(z—p\&Py 1 oy %y i Py (106)
BRE T 12\ ) 1-2\"9pap " Vops
2 Oy 0%y 23y
2 )P 3 9y oy . 9y
+ 55 - ) Goglr)® + (395 50+ 5

and [third partials, 2 with respect to ]

20



9 log(f(z,w)) _ 2
ou?do —03(1 — p?)
T
&*log(f(z,w)) _ —2p
oudp  o2(1—p?)?
8:
P loa(f(r,w)
ooy
9:
P log(f(a.w)
oo
and [third partials, 2 with respect to o]
10:
*log(f(z,w)) _ 6x—p)  2yp
0o20u o1 —=p2)  o3(1—p?)
11:
OPlog(f(z,w)) _ =6 —pn)® p  2@—py 1+p°
do20p ot (1—p?)? od (1= p?)?
12:
Flog(f(x,w)) _20@—p) _p 0y
0c20 o3 1—p2 Oy
13: 5
O log(f(a,w)) _2@—p) p Oy
00200 o3 1—p2° 0p
and [third partials, 2 with respect to p]
14:
P log(f(x,w))  2(x — p) 1 4>\ y 2p
op*op  o? (1=p22 (1=p?3) o \(1-p?)?
15:
?*log(f(z,w)) _ 2(z —p)? L4
9p*do a o? (1=p?)2  (1=p?)?
(@ —py 2p dp(1+p?)
o2 \(1=p)? (1-p?°
16:

Flog(f(z,w)) _ (z—p\ dy 2p 4p
- e G A= e

2
_y3y< 222 8p23>

Y\ =p%)?  (1-p?)

17:
Flog(f(z,w)) _ (xz—p\ dy 2p 4p
e ( >ﬁ<(1—p2)2+(1—02)2+(1—

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)



and [third partials, 2 with respect to ]

18:
& log(f(z,w)) _ —1 p Py
205 =—x - ><8—72 (119)
" 0 log(f(z.w) _ ~(r—p) 7
log(f(x,w —(z—p p Y
= = 12
0200 oz 1= p? x 02 (120)
20:

8310g(f(x,w))_ T — [ 1 2,02 82y 2 y 2 a2y
ety = (% ><1—p2+<1—p2>2)w‘<1—p2>2(<m) “’w) 2

21:

Plog(f(z,w))  (z—p p >y
n0p ( = ) T2 9208 (122)
1 oy 0%y oy 9%y >y
e <2X 9y vop 98 o2 Y 9y208
1 _ _ _
i (w7 10g(w) (82 = B)y" 2 + w28 — 1)7"=2 + wi (82 = B)y" 2 log(7))
Oy 0%y oy 0%y »*y
(2% 5 < aas o8 % 5k TV gt
and [third partials, 2 with respect to f]
22:
P log(f(z,w)) —1 p >y
—oFon _7X1—p2><8732 (123)
. & log(f(z,w) _ —(z— ) 5
og(f(z,w))  —(z—p p y
0p200 - o2 o p? % 0p? (124)
24.

o3 log(f(z,w)) (T —p 1 2p2 aZy 2 dy 2 823/
dB20p - < o ) (1 — 2 + {a p2)2> 532 - (1 p2)2 ((%> +yaﬁ2> (125)

25:

0 log(f(x,w)) T —p p »*y
—_— " = 12
06%0, < - > “T— 7 X orop° (126)
1 oy 0%y oy 0%y 23y
= [9x ==z 27w 2
1= g2 < “ 08 008 oy “op2 TV Brop
— (w87 (log(yw))? + () 2log(yw)/7)
oy 0%y oy 0%y 3y
2% -2 27w 2
N ( “ 98 " 908 "oy “ o TV 9r0p
and [third partials, u, o, p]
0% log(f(z,w)) _ —4(z — p) p y 1 2p*
_ Y 12
Oudodp o3 X (1— p2)2 - o2 X (1 — 2 + (1 _p2)2> (127)
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and [third partials, u, o, ]

27:
Plostfrw) 1 o oy
Opdady o " 1-p* Oy
and [third partials, u, o, 5]
28:
Plog(f(x,w)) 1 p 9y
dpudodf o 1-p?> 0B

and [third partials, u, p, ]

29:
Flog(f(z.w) _ -1, 145" Oy
opdpdy o (1—p%)2 " Oy
and [third partials, u, p, 3]
30:
Plog(f(x,w)) -1~ 1+4p* 0y
oudpds o (1—p2)2 " 9B
and [third partials, p,7, f]
31:
Plog(flrw) _ -1 p Py
opoyop o T 1—p*" 9y08
and [third partials, o, p,7]
32:
33 log(f(z,w)) _ —(z—p) o 1+ p? % [
Do dpdy o2 (1=p%)? 0Oy
and [third partials, o, p, ]
33:
Plog(f(r,w) _ —(x—p) 140" 0y
d50pdp o2 (1—p%)? 0B
and [third partials, o, 7, 3]
34:
Plog(fx,w) _ —~(e—p) _p Py
D079 o2 1—p? 0708
and [third partials, p,~, 3]
35:
Plog(f(z,w)) x—p 1 2 Py 2 9y Oy
opoyoB o \1—p2 (1—-p%)2) 0v05 (1—p*)2\0v0p

11 Appendix D—Partial Derivatives of y

Recall that
y=o"! (1 - exp(—(vw)ﬂ)

Thus, we have

Ay exp(=(yw)’) By
oy ?(y)

= Vam x Byt x 0 x exp (—(yw)”) x exp (47/2)

23

0%y
Yova8

)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)



gz = V271 x (yw)? log(yw) x exp (—(’yw)f8> x exp (y°/2) (138)
Y = vars? [(9- 1o (~u)”) e (72) (139)
+77 L exp (—(vw)ﬁ) (—1D)w’By"  exp (4*/2)
+ 7 exp (—(vw)ﬁ) exp (y°/2) ygﬂ
2
gﬁ‘z = V2 log(yw) [(yw) log(yw) exp (—(yw)? ) exp (4?/2) (140)
+ ()’ exp (= (yw)?) (=1)(7w)” log(yw) exp (4/2)
+ () exp (~(u)”) exp (42/2) 5
2
o = VIR [0 e (~w)) exp (/2) (141)
+log(yw)w’8y7 exp (—(yw)? ) exp (47/2)
+ log(yw)(yw)” exp (=(w)? ) (~1)w’ 877 exp (3?/2)
+loglrw) () exp (<)) exp (2/2) 3|
giﬂ = V2rpuw’ ((5 1) xTy —wPBxTy+ T3) (142)

where
T = (B-— 2)75*3 exp (—(’yw)ﬂ> exp (y2/2)
+ 7’8_2 exp (—(ww)ﬂ) (—1)w’3675_1 exp (y2/2)

0
+ 772 exp (—(’yw)ﬁ) exp (y°/2) y%

T, = (2827 exp (—(70)) exp (47/2)

+ 422 exp (—(vw)ﬁ) (—1)w’B~" " exp (v*/2)

0
+~% 2 exp (—(’yw)’g ) exp (y%/2) yafyy
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T = (3= 07" P exp (~0w)”) exp (47/2)

+77 exp (*('Vw)ﬁ) (—D)w’By" " exp (v7/2) J

ay
Yoy
2
—(yw)?) exp (y*/2) y* (g)

(~r)?)
+797  exp (—(”yw)ﬁ) exp (y°/2) <8y>2
e (~(w)’?)

83
875% = V2r log(yw) (log(yw) x Ty — log(yw) x Ty + T3)

where
T = (yw)log(yw) exp (—(yw)”) exp (42/2)
+ (yw)? exp (—(w)? ) (=1)(yw)” log(yw) exp (4?/2)

+ ) exp (~ () exp (42/2) 55

T, = (yw)*2log(yw) exp (—(w)” ) exp (4/2)
+ (yw)? exp (~()” ) (~1)(7w) log (yw) exp (?/2)

+u exp (~(w)”) exp (17/2) v

T, = () loglrw)exp (~(vu)?) exp (5/2) 55

y
o5
a8

)

(

e (~w?) e (212)* (25)

+ () exp (~(rw)?) exp (172 (gg)
(~6w)’)

63
gy =27 (wﬁ ><T1—|—wBBXT2—w'BB><T3+w’8 ><T4)
o208

where
T, = (B- 1)’y6*2 exp (_(,),,w)ﬂ> exp (y2/2)
+9% L exp (—(vw)ﬂ) (—Dw’ 877 exp (47/2)
_ dy
+77 exp (—(’yw)ﬁ) exp (y%/2) Yy
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T

T3

ﬂ
ovoB?

where

Th

= (1/y)7" exp (*(vw)ﬁ> exp (y°/2)
+log(yw)(8 — 1772 exp (~(7w)° ) exp (4*/2)
+ log(yw)y” " exp (—(vw)ﬁ) (—1)w’ Byt exp (y*/2)

B
+ log(yw)y” " exp (—(vw)ﬂ ) exp (y2/2) y%

+10g(7w)wﬁﬁv eXP( ) - 1eXp (v*/2)
+ log(yw)(~y exp( (yw) ) 'Bﬂ’}”g LyB= 1exp( 2/2)
+ log(yw) (v p( (yw) ) 772 exp (4°/2)
2 Oy
+ log(yw) (yw) exp ( ) exp /2) 3/8*

0
(1/7)7" exp <—(7w)5> exp (y°/2) ya%
0
+ log(yw)By7 ! exp (*(vw)ﬁ> exp (y%/2) y%

0
+log(yw)y” exp (—(w)) (~1)w’ By exp (47/2) y%

(~ >expy/z (2)2
+ log(yw)y exp( ﬂ) exp ( ( )
(~6m?)

+ log(yw) ~? exp

+ log(yw)y B exp

=27 (T + log(yw) x Ty — log(yw) x T3 + log(yw) x Ty)

3 o exp () exp (42/2)
+ ’yﬁ*lwﬁ log(w) exp (—(’yw)’8> exp (y2/2)
+ 77w exp (=(w)° ) (<1)(yw) log(yw) exp (47 /2)

0
+ 77 tw? exp (—(vw)ﬁ) exp (y?/2) y%
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T = wlog(w)y’ " exp (~(w)”) exp (47/2)
+ w7 exp (—(vw)ﬁ) exp (y°/2)
+ w877 og(7) exp (—(w)” ) exp (4/2)
+w5575‘1exp( (yw) ) ) (yw)? log(yw) exp (y*/2)

0
+w5/6”yﬁflexp( 5) exp (y*/2) y%

~(w)?) (-1
~(yw)?)
(vw)ﬁ)wﬁv exp (y%/2)
~( >)

7))

+ (yw)? exp (—(yw)? ) w By~ log(y) exp (y*/2)
+ (yw)? exp (—(yw)? ) w? By " exp ( Z/Q)ygﬁ
T = () logtw)exp (~(0)°) exp (12/2) '3
W) exp (~(w)") (1) () oglyw) exp (1/2) '3
exp( B) exp (y%/2) 22‘” g%
w)? exp (~(yw)?) exp ( gg gg
EXP( 5) e (y°/2) ya 65

(146)

12 Appendix El1—Expectations of the first partials of the likeli-
hood

Recall that, by construction, x, y are normal random variables with correlation 1, means g and 0,
respectively, and standard deviations ¢ and 1, respectively.
Thus, from result (82), we have

E(W):O—ozo (147)

From result (83), we have

_ 0.2 20. o 2
E<810g(f(w,w))> _-i, p e S p

do o TB1—p2) 21—p2) o o(l—p2) o(l—p2) 0 (148)
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From result (84), we have

Olog(f(z,w))y _ p 2p p(1+p%)
E < dp T1-p2 (1—p2)2 " (1-p2)2 0 (149)
From results (85), (261), and (277), we have

2 9y E(y2y
olog(s(x )\ _ #°E(v58) E(v3) oY _
E< 5 = - +0+E(y5-) =0 (150)
From results (86), (262), and (278), we have
i 0
p(2esU@w)y _ - (y%) L <y87y3> ro+E(32) =0 (151)
ap 1—p? 1—p? ap

13 Appendix E2—Expectations of the second partials of the like-
lihood

(The existence and finiteness of the expectations involving partial derivatives of y are established
in Appendix H.)

Recall that, by construction, x, y are normal random variables with correlation 1, means p and
0, respectively, and standard deviations ¢ and 1, respectively.

Thus, from result (87), we have

Plog(flzw))\ _ 1
b < O ) - a2 (1-p?) (152)

From result (88), we have

R ) I (R Rl )
From result (89), we have
2 2 2
p(Plesfl@w)y 1 2 14
op* 1—p?  (1-p?)? (1=p?)2  (1=p?)?

2p 41+ p*)p
e <<1 e R R )

_ =+
= A (154)
From results (90), (256), and (282), we have
& log(f (z, w)) P’ Py\ _ p w\*, P
p (L8 W) E(yZY) - el (¥ a4y
< 0y? ) 1—p? (yé"ﬂ) 1—p? (%) o
ﬂ2
2
2 2 2
_ _r 9\ B
T ((C‘H) ) 7 159)



From results (91), (256), and (287), we have

B <0210g§;(2x,w)))

From result (92), we have

oudo

p(Plstme)

From result (93), we have

(5

From result (94), we have

2 2 2
r g yay p
1—,02 852

— 2log(v)E (log(w)) — ———=

— (log(7))?

—2E(z — p)

rE(y)
o3(1 — p?) 2

1
1— p2 o2

_ 2B(@-—p)  p

=0

E(y)(1+p?)

o2 (1—p2)2

o(l

() - e (2)(3)

From result (95), we have

H(25) - e () ()

From results (96) and (256), we have

— p2)2

E <82 log(f(:v,w))> _ 20 p(1+p?)
dodp o(1—-p?)? o(l—p?)?
_ P
(192
From results (97) and (256), we have
Plog(f(z,w)\  —p? Ay
() = e (5)
From results (98) and (256), we have
Plog(f(z,w)\ —p? dy
2(%a ) = wala (i)
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(158)

(159)

(160)

(161)
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From results (99) and (256), we have

b <W> B <1 Eta ip;v a —2%2) b (ygi)
- 2 xE (y?i) (164)

From results (100) and (256), we have

(P50 = (Tt a e ) £ (1)

_ P %
- 1_p2xE<yaﬁ> (165)
From results (101) and (256), we have
Olog(f(x,w))\  p° 9%y P dy dy %y )
E( R ) =12 (yawﬁ) 12" (%%erawﬁ
+1/y—E (wﬁ log(w)ﬁvﬁ’l) -E (wﬁ“yﬂ”) -E (wﬂﬁ’v’g’l log(v))
_ P dy Oy
= _1—p2E<8’)/85>+1/7_T1_T2_T3 (166)
We have
. = —log(w)w’By?Lexp (—('yw)ﬂ) ‘Zo + /OOO P=1B (Bwﬁ_l log(w) + w5_1> exp (—(fyw)5> dw
= f/ooo log(w)y B’ ! exp (—(yw)°) dw+i/0 78w exp (—(yw)?) duw
= 5 x F (log(w)) + ”1y (167)
and
T, = —/ " wfexp (—('yw)ﬁ) ‘SO + /OO AP BwP L exp (—(7w)6> dw
0
_— (168)
~
and
Ty = —log(y)y" "B’ exp (—(vw)ﬁ)’;oﬂL 6105(7)/0 v Buw’ " exp (—(vw)ﬁ) dw
_ Blog(v) (169)
Y
From results (166)—(169), we have
0% log(f(z,w))\ _ P’ Oy oy\ B
#(Fh ) - e (5ras) -3 < pesto)
1 Blog(v) (170)
Y v
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14 Appendix E3—F (8f§80i X af/fa@])’s

(The existence and finiteness of the expectations involving partial derivatives of y are established
in Appendix H. The existence and finiteness of E(log(w)) and E ((log(w))?) follow from Lemma
2.)

Recall from (11) that the pdf of the Gaussian-Weibull is given by

fww) = 7w’ exp (—(yw)?) (a7)

T —p

><\/127T>< U\/ll_ilﬂxexp (— (U—P?J>2/(2(1—P2))>

where
y=ao"" (1 — exp (—(7 X w)5>>
Thus
a —
o 105w (172)
f o 1-—p2
B 1 1) (oo
f o o 1—p? o
of - = 2
% _ P (St =ry)y (G —py)p
R (1-p2)?
g% 3 5,01 1 T — p Oy
= = T _w - I
af 1 T — p 0Oy
98 p —
. log v + Rl log(w) — (yw)” log(yw) + <U - Py) 1— 2 88

From (172) and (256), we have

af \ 2 T—p 1 2
9 _ K
f((5)) - ()
1 r—p ? rT—p 2,2
- -t ( o ) _2”*”< o )*’”’

(173)



From (172), (256), (289), and (290), we have

E((g;)) = 2 () (57
g (75 ) <x;“)2>

1 2

s -t

_l’_

—1+ 1 (
o2 T o2(1— p2)2
-1 1

= o (3-3p -2+ 2"
02+02(1—p2)2( p p-+ p)
—1+ 1 (
2 i)

N P
o2 1— p?

3 —6p + p® +2p%)

1+2—2p%

From (172), (256), and (273)—(276), we have

2 2 2
G _pp2)2 T 1 _/;2)2@ P) 1 . 2y (1-20"+07)
+ Ao e —2 oL
a=pp T =)
I
(1= p)2
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From (172), we have

(2w ) eom (2w} (72 m) 25 )

d(

S

of
aw)

Us

)

11

e () 2 ()

W+ Ty +1T3

00 2
/ (32 — 2w B2 4 w25627252> VB exp (~(yw)?) dw
0

2 o0
£ 2/ w? 8297727 B exp (—(yw)? ) du

Y 0
+ / w? B2y 72 BuP L exp (—(vw)ﬂ ) dw
0
2
32 —2U1 + U,

—w’ 3%y exp (—(vw)ﬂ) ‘ZO + /oo v 233w exp (—(vw)ﬁ) dw
0

jz/ooo AP B’ exp (—(’yw)ﬁ> dw = fz

w26,32”)/2’8_2 exp <_(,Yw)6> ’0 + /0 26“}2,3—162,72,3—2 exp (—(fyw)ﬁ) dw

/ 232w 7P 2P Bu ! exp (—(vw)ﬁ) dw

—23%uwP~P 2 exp (—(7w)5> ‘:O + /OOO 263w 142 exp (—(vw)ﬂ) dw

26
~2
From results (177)—(179), we have
2
-
~

From result (258), we have

e o

B_ w6576_1> denweib —* %y /
~

(x R py> denindx dw = 0
o

1—p? Oy

—00

where denin is defined in (254) and denweib is defined in (259).
From result (264), we have

00 . p2 ayQ 00 m 2 . P2 ay
T3 = ; denweib m 877 . . py | denindx dw = T sz B
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(178)
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From results (176), and (180)—(182), we have

of 2 2 2 2
? _p dy B2
(7)) -2 (@)) 5 o

From (172), we have

L (<f) ) = FE ((log7+ 3 + log(w) — (vw)ﬂlog(vw)> )
+2FE <<log7 + ; +log(w) — (yw)” log(vw)> <<x ; £ py> 1 _ppz %))

(7 m) 7 ()

From result (264), we have

7= [ denweib v ay?/mx_u— 2d‘dd—ng oy’
3 —/0 enwel (1 — p2)2 aﬂ - pu py enin axr dw = 1 — p2 8/8

(185)
From result (258), we have
00 1 8 . p Oy [ [xz—n .
Ty = /0 2 <10g’y + B + log(w) — (yw) log(vw)> denweib T /_Oo ( . py> denindz dw =0
(186)
Next, we have
1 1 5
T, = |logy-+ 3 E (logvy+ 3 + log(w) — (yw)” log(yw)
1 E
+ (logy + 5 E (log(w) - (yw) log(vw))
2
+E ((log(w) — (yw)” 10g('yw)> )
= U1 +Uzx+Us (187)
By result (281)
Uy =0 (188)
and
1\2
Uy = — (log(v) + 5) (189)
Now,

Us = B ((log(w))’) + B ((yw)* (log(1)?) + E ()’ (tog(w))’)

=28 ((yw)” log(7) log(w) ) — 2 ((7w)” (log(w))? ) + 2 ((yw)*’ 1og(7) log(w) )
= Vi+ Vot Va+ Vit Vs+ Ve (190)
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Vs

Vi

Vo = (og) (- (0 exp (<)) [T 22000 exp (~()?) aw

= (log(7))* < —27%w” exp (—(vw)5> ’;O +2/000 v Bt exp (—(vw)ﬁ) dw)
2

= — () Qogw)Pesp (~w)”) [T+ [T 42200 togw) Pexp (~(u)?)

0
+ /OOO (fyw)w 210g(w)%exp (—(’yw)f8> dw
= [ P2 og(w)y 0 exp (~(u)?) dw
0
+;/O ﬁ2wﬁlog(w B Bwh— 1eXp( (yw) )dw

)k

( ) ‘ / (5“"8_1(105%(“)))2 + wP2 log(w);) exp (—('yw)ﬂ) dw
(-6

-1

= —25%w Blog

Zexp
— B’yﬂ 2uw” log(w) exp

) 75 (0 ot + 0 Yo (<))
~ /0 (1og(w))*" "~ exp (- (ryw))dw

+3 /0 log(w)y” B exp (~(yw)”) dw

+ ;/OOO log(w)y” B exp (~(yw)”) dw

+ 52 /0 "B exp (— ()’ du

= 2E ((log(w))?) + g (log(w)) +

2
7 7 (192)

= —2log(y) <(7w)5 log(w) exp (*(vw)ﬁ> ‘Zo + /OOO log(w)y”puw’ " exp (*('Vw)ﬂ) dw

+ ;/OOO 7P BuwP 1 exp (—(fyw)ﬁ) dw>
1

= —2log(7) (E (log(w)) + 5) (193)
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Vs

= 2 (~(rw)’og(u))?exp (~(ru)?) [
n /OOO 7/3 (Bwﬁ_l(log(w))Q + wﬁ2log(UJ);> exp (—('yw)ﬁ) dw)

= -2 < OOO(log(w))Q’yﬁBwﬁ_1 exp (—(’yw)ﬁ) dw + ; /OO 10g(w)’7ﬁﬁwﬁ_l exp (—(VW)B) dw>

0
= —2E ((log(w )?) — ;E (log(w))

Vs = 2log(v) (—(’vw)” log(w) exp (—(vw)ﬁ ) ’ZO

- /OOO +?# (2ﬁw25’1log(w) +w25*1> exp (—(vw)5> dw)
= 210) ([ 220 log(why 5 exp (~()?)

+ /0w75;w5 PBuw” ! exp (—(vw)ﬁ) dw)

= 2log(v) (—%ﬁ w” log(w) exp (—('yw)ﬁ ) ‘ZO
+ 2/000 ~vP (ﬁwﬁ’l log(w) + fwﬁfl) exp (—(fyw)ﬁ) dw

| ~
-7’ exp (—(w)?) i

+ /13/000 7B’ exp (—(w)ﬁ) dw>

= 2log(v) <2E (log(w)) + ; + ;)

6log(v)
B

= 4log(v)E (log(w)) +

From results (190)—(195), we have

s = E((log(w ))2)+2<10g( )’

+ 2 ((log(w))?) + 5 E (log(w) + 25
~2log(y (E log(uw ) B ((log(w)?) — 3 (log(w)
6log(7)

B
= FE ((log(w))2) + ;E (log(w)) + 4102(7)

+2log(y) (E (log(w))) + 2 (log(7))* + 522

+ 4log(v) E (log(w)) +
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Results (187)—(189) and (196) yield

W = FE ((log(w))2> + ZE (log(w)) + 2102(7)

+21log(7) (E (log(w))) + (log(1))? + —

> (197)

Results (184)—(186) and (197) yield

(7)) - 2 ()

7 (198)

From results (172), (258), and (265), we have

of of T—p T—p
AN V(=) (-1 1(5FE—py) (2—n
E(;Xf> B E(G 1—p? X<U+J 1—p? ( o >

= 0 (199)
From results (172), (258), (266), and (267), we have
0 0 xr— xr— r—Uu 2
oo, 5\ _ (1) (e (Fem)y (F-m) s
fof o 1-p? 1—p? 1—p? (1—p?)?
0 (200)

From results (172), (258), and (264), we have
1(SE—py) (B o (z—p p Oy
- E o _ B pAB—1 i 7
<U -2 " \y R 1—p? 0y

of  of
ou oy
El —/— x =
p Jy
E|== 201
o(1-p?) <8’Y> 200
From results (172), (258), and (264), we have

0 0 —

A 1 (5" —py)
Bl %) = g2

o f o 1-p?

- 0
(1o 5 + ogw) - () logtu) + (T ) 120 20

pE =) .
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Next, from result (172), we have
3 of
E éx@ _ e (= 15 —py) (2—n
f f o o 1—p? o
2
(e ey (o)
1—p? 1—p? (1=p?)?
_ 2
I e O Gt ) LB G-t s )
= —_— _|_ —
o \1-p? 1—p? (1—p?)2
1(5H =py) (x=p\ p
+E(=
o 1-—p? o 1— p?
(LG ) (a2 )y
o 1-—p? o 1— p?

_ 2
(L) (- (B py) e

o 1-p? o (1—p?)?

= T1 -+ TQ =+ T3 =+ T4 (203)
Results (258) and (264) yield
T =0 (204)
The fact that (xr — p)/o and y are bivariate standard normals with correlation p yields
P (205)

T = ———M—
2T o(1—p?)

By results (289) and (290), we have
1 z—p\’ r=p\? o\ | e ((T—w) 3
e (G R (G R R (G b

= 0(1_1/)2)2 (30— 2p(1 +2p°) + 3p°)

_ 1 B A

= =g <AL= o(l—p?) (206)

By result (268), we have
T = — P <x_“— >3<$_“ . (207)
L a(l—p?)3 o Py o o1 —p?)
Results (203)—(207) yield
o 4 —p
o P —



Next, from result (172), we have

of of T—p
9 . 0O _ -1 1 (5 —py) (z—p
(5:5) - (G52 ()

= M1+ +T5+Ty (209)

Result (277) yields
T, =0 (210)

Result (258) yields
Ty =0 (211)

Results (256), (263), and (277) yield

Ty = 0 (212)
Result (270) yields
2
P dy
o= " _p(yY
! oA <y<97) 21
Results (209)—(213) yield
of  of 2
3 0
El 22 « 2 = PE< y) 214
(f f) - Yoy (214)



Next, from result (172), we have

of of _—
9% o 98\ _ -1 1(FF—py) (z—p
f(F7) - e ((F e )

X <logv + ; +log(w) — (yw)” log(yw) + <$;M B py) 1 —pPQ %))

_— (;1 <log’v - ; +log(w) — (vw)ﬁlog(’yw)»

pE e ((xgﬂ "’y> S%)
1

+ WE <<log’y + ; + log(w) — (yw)? 1og(7w)> <::u B py) <x —u

ot () (554) 3)

Result (281) yields

T, =0 (216)

Result (258) yields

T

I
o

(217)
Results (256), (263), and (281) yield
Ty = 0 (218)

Result (270) yields

_ ’ %
n= o (1) )

Results (215)—(219) yield

of af 2 b
B($57) = e (5) 20

T+ T+ T3+ Ty (215)



Next, from result (172), we have

of  of T=p Top
#(57) - o[t

(
)
o ()
(2 ()
v 1—p?
el 3y<:vu_ ?
i-/2oy\ o "
ﬁ B o 2
gt (e (552 m))
P’ y (z—p ’
_(1—/)2)3E<3v< o _py>>

= T +To+T3+Ty + T (221)
Results (258) and (277) yield
T =0 (222)
Result (258) yields
Ty =0 (223)
Result (264) yields
Ty = - _prE (;,Zi) (224)
Results (264) and (277) yield
Ty =0 (225)
Result (274) yields
Ts =0 (226)
Results (221)-(226) yield
%J; % P dy
E(fxf> - 277 (15) 0
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Next, from result (172), we have

ﬂ ﬁ T— r— 2
o 8\ _ p (S =py)y (= —py) p
o) = e((fe e )

(1 _ p2)2
. _
% <log’y + B + log(w) — (fyw)ﬁlog(yw) + <T - Pf‘/> 1 _ppz gz>>
. _
. _pp2E <log’Y+ 3+ log(w) — (yw)” log(yw) + (w . B py 1 _ppz g%)

+E <<10g7 + ; +log(w) — (yw)” 1og(fyw)> <M>>
py Oy (z—p 2
+E<(1—p2)285< pu _P?/>>

p

_ mE ((log’y + ; +log(w) — (yw)” log(Vw)> (2” - py>2>

2

(B m))

= N1+ +T3+Ty+T5

(228)
Results (258) and (281) yield
T =0 (229)
Result (258) yields
Ty =0 (230)
Result (264) yields
Ty = - _prE (;,gg) (231)
Results (264) and (281) yield
Ty =0 (232)
Result (274) yields
Ts =0 (233)
Results (228)-(233) yield
& o p 9y
? (f ‘ f> - 52 (135) =
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Next, from result (172), we have

% g% r—p p Oy
o7 F) = (G (52 m) 25 2)
x(logw +log(w) - (vw)ﬁlogwwn("’”;“_py) P 3y)>

1—p? 0B
B B T—po p__ 9y
= ( v )( - py>1—p285>

+E (<1og7+ 5 +log(w) - (vw)ﬁlog(vw)> (ﬂ:“ —py> & 8y>

L —p? Oy
p? Ay dy [z —p ?
E _
Ta-ep (8786( o py))

+E ((”j - wﬁ/hﬂl) <10g7 + ; +log(w) — (yw)” log(vw)»

= T+ 1Th+13+ 1T, (235)
Result (258) yields
T =0 (236)
and
Ty =0 (237)
Result (264) yields
2
P dy dy
15 = 5 B 238
T 1- (afy 8ﬁ> 259
Now note that
o0 - 1 _
= [T (2wt (o 5+ og(w) - (o) o) ) 0 exp (~(u)?) d

)
<10g’y+ ;)/ w? By 1P Buw~texp (—(’yw)5> dw
5/ 10g (yw Blog(vw)) v’ Buw’ ! exp (—(vw)ﬁ) dw

AR (log< ) — () log(yw) ) 7B~ exp (~(yw)?) du
= U0 +U;+Us+Uy (239)
We have

/OO w? By 1P BuwPt exp (—(’yw)’g) dw = —w’By" lexp (—(vw)[})’;o

0
+ f/ooo 77 Bu’ !t exp (—(vw)ﬁ) dw

2™
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Thus

o)

By results (279) and (280), we have

Next

We have

Next,

We have

W, =

Uy, =

-V, =

Va

)

= [T w6 exp (~(w)) d
0

+ /00 wﬂﬂvﬁfl(yw)ﬁ log('yw)'yﬁ,é’wﬂfl exp (—(7w)5> dw
0

i+ Vs,

o

w8y log(w) exp (~(y)”) |

+ /OOO 677" (Bu? " log(w) + ) exp (= (yw)?) du
’ﬂr/ooo log(w)y” B~ exp (~(w)?) dw

+ '1y /oo 7w’ exp (—(vw)ﬁ) dw

0
p 1
; E (log(w)) + 5

= /OO 1w Blog(1)7” B~ exp (~(yw)?) dw
0

o0
4 [P e B log () put exp (- (w)?) du
0

= Wi+ Wy

243 1og(7)
v

44

(240)

(241)

(242)

(243)

(244)

1w B log(y) exp (—(vw)ﬂ) ‘Zo +28 log(v)/o 77wl Bl exp (—('yw)ﬁ) dw

= 28log(7) (—vﬁ—lwﬁ exp (~w)?) [+ [T 21 exp (<)) dw)

(245)



Also,

o0

We = =l Blog(w)exp (~(u)?)|
+ /O g (261025‘1 log(w) + w?” ‘1) exp (—(’yw)ﬁ ) dw
= 28 /OOO 7P~ w log(w)y? fuw’ ! exp (—(vw)ﬁ) dw
+ /OOO 7P Py Buwf exp (—(Vw)ﬁ) dw
= X1+ Xo (246)

We have

o0

X1 = 2B <—75_1wﬁ log(w) exp <—(’Yw)ﬁ> ‘0 + /000 AP (ﬁw'g_l log(w) + wﬁ_1> exp <—(fyw)ﬁ> dw>

= 20 <E i log(w)) + ,317> =2 <§ E (log(w)) + i) (247)
and
Xy, = —"Mwfexp (—(’yw)ﬁ) ‘ZO + /000 A1 8w exp (—(’yw)ﬁ> dw = fly (248)

Results (246)—(248) yield

Wy =2 (f E (log(w)) + i) + i (249)

Results (244), (245), and (249) yield

1> 1 n 25 1og(7y) (250)

_o(5 LA
V2—2<’}/E(10g(w))+’y —1—7 S

Results (242), (243), and (250) yield

Uy = p E (log(w)) + = + = + 28 1og(7)
v Yo Y

(251)

Results (239), (240), (241), and (251) yield

T, = b (109;(7) + ;) + ﬁE (log(w)) + fly + L + 2Blos(y)

¥ ol ¥
B Blog(7)

1
=5 E (log(w)) + 5 + Y (252)

Results (235)—(238) and (252) yield

0 o)
N AN p(22)
o f 1—p2  \0y0pB

+ fE (log(w)) + ’1Y +

Blog(v)
¥

(253)
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15 Appendix F—Miscellaneous useful integrals

(The existence and finiteness of the expectations involving partial derivatives of y are established
in Appendix H. The existence and finiteness of E(log(w)) and E ((log(w))?) follow from Lemma
2.)

Define

.1 1 T — W 2
denln:mxamxexp (— <U—py> /(2(1_p2))) (254)

Then, because denin is simply the pdf of a N(,u + poy,o?(1 — p)z),
o0
/ denindz = 1 (255)
—0o0

(Note that the demonstrations of some of the results below could also be based on the fact that
denin is the pdf of a N(u + poy,o?(1 — p)2). However, instead, in most cases we have found it
expedient to explicitly perform some of the integral calculations. Either approach is valid.)

Next

[ oo xamings = [ HE (— (=" —py)2/<z (1—p2>>) &

= /OO L w xexp(—(m—py)Q/(Q(l—p2))> dx

X
—oo V21 /1 — p?
oo 2
= Vl—pg/ xxexp(—(m—py/ﬂ) /2) dz
oo V2T
= V1-p*xpy/V/1-p*=py (256)
and ~
/ (z — p)/o x y x denindzx = py? (257)

From results (255) and (256) we have

/ <w —&_ py> denindx = py — py =0 (258)
oo o
Define
denweib = 7w’ Lexp (—(*yw)f8> (259)
Then from (11)
gaussweib(z, w; u, o, p, 7, ) = denweib x denin (260)
and by result (256)
E <”5 g y) - / denweib/ TH « %Y « deninda dw (261)
9 67 0 —00 o 87

= / denweib x py@ dw
0 Oy

0
()
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Similarly,

(25 ) - (o)

Next, as in the development of result (256),

/Z ($;“>2 « denindz = (1 —pQ)/OO ‘T; X exp (— (x—py/M)2/2> dz

[e.o]

p2y?
= (1—p2)><(14—1_p2):1—p2—i—p2y2 (263)

From results (256) and (263) we have

00 N 2 00 _ 2 _
/ (w g py> x denindzr = / <<ZI7 M) —2py <H) + p2y2> denin dx
oo o oo o o

= 1-p+ 0 = 20" +p°y* = 1—p (264)

By result (288), we have

p((551-m) (55) =2 ((552) -2 (55) vt (552) ) -0 o

and
2
T — U T — [ -
E(( - —py> y>—E<( - )y—2p< M)y2+p2y3>—0 (266)
and
T — 3 T — 3 T — [ 2 T —
(o)) oo (52 (2 v (22w
g o ag ag
(267)
By results (289) and (290), we have
T — 3 T — T — 4 T — 3
P m) (551) = ((77) 5 ()
o) g o g
— i\’ x—p
+3< >p2y2_< >p3y3>
g
= 3—9p% +3(1+2p%)p* - 3p"
= 3—6p2+3p* =3—3p? —3p% + 3p*
= 3(1—p) =3p*(1 = p*) = 3(1 — p?)* (268)
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Next, as in the development of (256), we have

/_Z(x;u>3denind:c = /_O;\/lgrx\/%XeXp(—(a:—py)Q/(Qu_p?))) i

_ (1—p2)3/2/00x23ﬂ_><exp<—(x—py/ 1—p2)2/2> dz

00 3pyx2 3p2y2$ p3y3
— (12 3/2/ 3 d
(=) oo x+\/1—p2+1—p2+(1—p2)3/2 o) de

3py PPy’

(1 )32

(=) (m* (1= 27

= 3p(1—p*)y + p*y’ (269)

From results (256), (263), and (269), we have

00 _ 2 _
/ (a: g py> (m M) x denin dx
oo o o
00 _ 3 _ 2 _
= / ((x ,u> —2p <H> y+ p* <H> y2> x denin dx
o o o o

= 3p(1—p*)y+ 0%y’ — 20y(1 — p* + p*v°) + P*y* (py)

= p(1—p*y (270)
Next, by result (261),
T NN g (B g (00 =

b (( o py) fh) a E( o 87) b (py87> -° (271)

Similarly,

T — dy

E _ ) = 272
(5 -m)35) 0 27

Next

00 T — 4
= /0 denweib/_oo(\/%/) \/7><exp<—(x—py)2/(2(l— ))) dx dw
4
= /Ooodenweib/oo< L P?J) Xexp((mpy/\/1p2)2/2> dx dw
(

—oo V2T
/ood _b/oo 1—p2? (33+Py/\/1— )—py) ( Q/Q)d ;
= >< pa—
; enwel . Wr exp (—z x dw
9 [ 00 $4
= (1- p2) / denweib/ —— X exp (79:2/2) dx dw
0 —00 2
= 3(1-p%)° (273)
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Similarly,

00 3 oo 3
T — .
/_OO< - —py) denindx = (1 —p2)3/2/oo Jon X exp( 2/2) dr =0 (274)

and

E((xg“ —py>3y> = (1—p2)3/2/000denweib/<:\/1 x exp (—22/2) dzdw =0  (275)

and (the result below can also be obtained by noting that (z — p)/o and y are distributed as
standard normals with correlation p and then making use of results (289) and (290))

E (("T;“ —py>2y2) = (1-p?) /Ooodenweib/o; \jyj x exp (—22/2) da dw
= (1-07 /OOo denweib x y* dw
= (1-0%) /Ooo 8w exp (—(yw)?) x (27 (1~ exp (47{0)6»)2 dw
— (1= /OOO dFZVUE“’) % (&1 (Fy (w)))? duw
= ) [ D) ot )

dw
VdFy (Fy'(s
= (1_p2)/(; ul (d,uI;V( )) X (q)*l (S))Z dFW (Fll(s)) /dw ds

= (1- )/ZSQdCI)() (1- )/Zszqﬁ(s)ds:l—p2 (276)
Next
E <§ - Wﬂﬁv‘H) = /OOO <§ - wﬁﬂvﬁ_1> 77w’ exp (*(vw)ﬂ> dw
= 5 ( BByP~ 1exp< (yw) ’OO / B2 (yw)?~ exp( (yw) ) dw>
= 5 - f ; AP Buw’ 1 exp (—(wa) ) dw =0 (277)
Next, we want to show that
E (log(x) +1/8 +log(W) = (7W) log(yW) ) = 0 (278)
We have ~
| = G 0s) (1750 exp (~(u)?)) do
= () log0)exp () [ ~1og) [ 27807 exp (~(0w)”)
= —log(v) (279)

49



Also,

7= wogw) (507 exp (~u)?) )

() o) exp (~(v)?) | = [ L () og(w)) exp (~(0)”) du

0

—/OO (vﬁﬂwﬂ’llog( ) + 7w’ 1) exp( (v )/3> dw
OOO
—/0 log(w)y?Buw’ L exp (—(’yw)’B) dw — /0 PP exp <—(’yw)f3> dw

- /oo log(w)~” Buw’ ' exp (—(vw)ﬁ) dw —1/8 (280)
0

Results (279) and (280) imply that

E (log(7) +1/8 + log(W) = (yW)" log(1W) ) = log(3) +1/8 + E (log(W) (281)

as desired.
Next,

Next,

_|_

Q/—\

Qm‘% ‘ew‘m QM‘Q

= B () 10g(1)) — E ((7W)” log(w) )
= log(y) +1/8 + E (log(W))
—log(7) — E (log(W)) = 1/8 =0

/000 <52 + wﬁﬁ(ﬁ - 1)752> ’yﬁﬁwﬁfl exp (—(’yw)ﬁ> dw

0805~ 1 2 esp (~w))| "+ [T 8805 - 1097 exp (<)) )
/ 7P BwP= 1exp< (yw)ﬁ) dw

(282)
| 6u)? o)) 470 exp (~(u)?) o
0
- [ " 970 (10g(w))? 4B exp (~(yw)?) duw
0
+ /0 P u2log () log(w)y” Bu’ exp (—(yw)?) duw
+ /000 ’yﬁw'B (log(’y))2 ’yﬁﬂwﬁfl exp (—(’yw)6> dw
= T+ T+ Ty (283)
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We have
T, = —7 w (IOg( ))2exp (_(,}/w)ﬁ)):o

+ /OOO 77 (8w~ (log(w))? + 2log(w)w? ) exp (~(1w)?) duw

= £ ((log(w))*) + S F (log(w) (284)
and
Ty, = ~2log(r)7"w’ log(w) exp (~(yw)?) |~
+ 2log(v) /OOO AP <Bwﬂ_1 log(w) + wﬁ_1> exp (—(yw)ﬁ> dw
— 2log(7)E (log(w)) + 2102(7) (285)
and
Ty = —(log(7))*~ w’ exp (—(vw)ﬁﬂzo + (log(v))Q/Ooo 7 Buw’ ! exp (—(vw)ﬁ) dw
= (log(7)” (286)
Results (283)—(286) yield
/0 " (w)? (og(yu) e exp (~(0)°) du = B ((og(w)?) + S (log(w)
+210g(1) (log(w)) + 22
+ (log(7))? (287)

16 Appendix G—Three bivariate normal results

(2)=5(()(5 7))

exp (—t*/2) /Oom\/iexp( (s — pt)?/(2(1 — p?))) dsdt

eXp (=t%/2) ptdt =0 (288)

Assume that

Then

(SQT2) = exp t2/2 /Oo\/g\/l_iexp( (s — pt) /(2(1—,02))) ds dt

exp (—t2/2) (1 — p* + p*t*) dt = 1+ 2p° (289)

-
-
|
|

o1



and

00 3 e8] s
E(ST?) = / . exp (—t%/2) / ! — exp (—(s — pt)?/(2(1 — p?))) dsdt

o V27 oo V27 /T 2
0 3
= /_ \/tﬂ exp (—t2/2) ptdt = 3p (290)

17 Appendix H—Existence (and finiteness) of the expectations
involving partial derivatives of y

To complete the calculations presented in Appendices E1-E3, we need to prove that a number of
integrals involving y and its partial derivatives are well-defined. The “proofs” are all similar and
are related to arguments made in the proof of Theorem 2. Let wioy and wyp be defined as in that
proof. (We assume that results (40) and (41) hold.)

First, consider E (g—z). From result (137) we have

oy  exp (—(’}’w)ﬁ) By
oy o(y) -
where
y=o1 (1 - eXP(_(W)B)
Our claim, which in essence establishes all the results in this Appendix, is that
< (W exp (—(yw)?
/0 (w eXp¢((y)(7w) )) 755w6_1 exp <—<7w)6> dw
is well-defined and finite.
We have
< (1w exp (—(yw)?
/0 (w exp¢((y)(’7w) )) 7B BuwP 1 exp (—(’7“’)6) dw
Wlow 8 - §
_ /0 (w exp¢((y)(7w) )) 'yﬁﬂwﬁ_l exp (—(7’11))5) dw
@ (w8 exp (—(yw)?
+/ <w eX};((y)(’Yw) )) 'yﬁﬂwﬁ_l exp <—(7w>6> dw
o (wP exp (—(yw)?
+/ (w eXp¢((y)(7w) )) ,Yﬁﬁwﬁ_l exp (—('Yw)ﬁ> dw
= T1+Tx+13 o

It is clear that 75 is well-defined and finite.
Now consider T3. By result (41), for w > wyp

A > (’unp)ﬁ > (’Ylowwup)ﬁ

> ("Ylowwup)ﬁlow > (/Yw3/4

(yw)
)B
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SO
1 —exp (—(vw)ﬁ) >1—exp (—(7w3/4)5> =3/4
By Lemma 1 and (293), we have
< w? exp (f(vw)ﬁ) 8a Aol 8
T< [ atheeangm o e (<)) du

which is clearly well-defined and finite.
Now consider T7. By result (40), for w < wioy

(rw)? < (Ywiow)” < (YupWiow)”
< (YupWiow)™™ < min (1/47 (’7w1/4)6)
S0
1—exp (—(’yw)6> <1-—exp (—(’ywl/4)5) =1/4
By Lemma 1 and (296), we have

Wiow w? exp (—(fyw)ﬁ) -
< /O (1 —exp (—(yw)?)) x (—®=1(1/4)) AP Buw’ 1t exp (—('yw)ﬁ) dw

Now for w < wiow, by (40) we have (as in result (295))

(vw)? < (Yuptiow) o < 1/4
Thus, for w < wiey and z = (yw)?,

1—exp(—(yw)?) = 1—(1—a+2%/2 —2%/3 +a2t/41 —..)
= z(1—z/20+2%/31 —2? /4 +..))
z(l—x/2)

vV Vv

2(1—1/8) =2 x 7/8
Results (297) and (299) imply

Wiow w” exp (—(yw)”)
< /0 ((yw)P x 7/8) x (—®~1(1/4))

77 BwP " exp (—(vw)ﬂ) dw

(293)

(294)

(295)

(296)

(297)

(298)

(299)

(300)

which is clearly well-defined and finite. Results (291), (202), (204), and (300) imply that E (%)

is well-defined and finite.
Now consider E(yg—g). We have

/00 <w5 exp (—(7w)6)> ly|? Buw’ L exp (—(’Yw)/j) dw

o(y)

o(y

Wiow

+/00 (wﬁ exp (—(’Yw) )) whﬁﬁwﬁ_lexp (—(’Yw)ﬁ) dw

_ /Owlow (wﬁ exp (— )(’Y’w )) lylv® P~ exp (_(,yw)/i) dw
(

o(y)

Wyp

= T1+1T,+ T3
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It is clear that 75 is well-defined and finite.
Now consider 75. By Lemma 1, we have

o b exp (—(yw)P
o< / eXp(—p(f(yw()Z) l )y yy’ B’ exp (—(vw)ﬁ) dw (302)

which is clearly well-defined and finite.
Now consider 77. By Lemma 1, we have

o w’ exp (~(yw)”) VB aB—1 —(vw)?) dw
< /0 (1 —exp (—(yw)?)) x (_y)( Y fw eXp( (yw) ) d (303)

Results (303) and (299) imply

wow w? exp (—(yw)”) .
T < /0 (w)? < 7/3) 7P BwP =t exp (—(’yw)ﬁ> dw (304)

which is clearly well-defined and finite. Results (301), (302) and (304) imply that E (y%) is
well-defined and finite.

It is clear via an inspection of the remaining partial derivatives in Appendix D that their
expectations can be handled similarly. (We also use the additional fact that for 8 > 1, log(w)w®~!
converges to 0 as w decreases to 0.)

18 Appendix —Positive definite information matrix

To invoke Lehmann’s Theorem 4.2, we need to establish that the information matrix is positive
definite. In Appendices E2 and E3 we establish that

B <_W> . (afgcae@- . afécaej) 0

Thus

5 5
aI0)a = >3 aE (8f/80i y af/aej>
i=1 j=1 f f

5 2
- E (Zaiaf?%) >0 (306)

To complete the proof that I(6) is positive definite we need to show that

5

> a of ;8@ =0 a.e. (307)
=1
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implies a = 0. From result (172) we have

5 T—
0f/08;  _ L (5 =)
;azf = a1 X <O']_—p2 (308)
_ TR _
+a2x(1+1(a g)y) <$ :u’>>
o 1l—p o
T—p a=p )2
VY VR Gl ) L G-t )N
1—p? 1—p? (1—p?)?
— 0
o (Pt (2 ) )
~ o 1—p? 0y
1 ~ () T4 _ p_ %
+ a5 x <log'y+ 3 + log(w) — (yw)" log(yw) + ( . py> =2 8B>
From result (137), we have
0y _ 581y P ()P
5 = 7w e (<)) foty) (309)
From result (138), we have
0
o5 = (w)logtw) x exp (~(w)?) /6(y) (310)

Recall that
y=o ! (1 — exp(—(vw)ﬂ>

Now let € > 0 be given. Then results (307) through (310) imply that given any wg, we can find an
associated x,w rectangle chosen so that (z — u)/o — py is small in the rectangle such that

as x (j) + a3 x (1 _”pz) (311)

+ay x (6 - wﬁﬂfyﬂl)
v

- as x (logy + 5 +1og(w) - (ru) logw) )| < /2

B

for some (x,w) in the rectangle.

A suitable rectangle can be written as [zg — d,z9 + 0] X [wo — I, wo + 0] where § can be made
arbitrarily small, (zo — p1)/0 — pyo = 0, and yo = ®~* (1 — exp(—(ywp)?). By (307), there must be
some (x,w) in the rectangle for which Z?:1 ai% =0.

Taking wp large enough
las + a5 K log(yw)| < € (312)

for K fixed and positive and w arbitrarily large. As e was arbitrary, this implies that a4 and as
equal 0.

Now, given results (307) and (308) and the fact that ay = a5 = 0, given any € > 0, we can find
an x,w region of positive measure (chosen so that y is large and (z — p)/o is bounded) such that

(taking y large enough)
3

(2 ) <

95




This implies that a3 = 0 or p = 0. If p = 0, then (given that ay = a5 = 0)

> af/00; lex—p —1 1 (z—p\?
B ox (G5 ) v (T2 (52
+ a3 x <$;“y> (314)

Given results (307) and (314), given any € > 0, we can find an x,w region of positive measure
(chosen so that y is large and (x — p)/o is bounded above and bounded below away from 0) such

that (taking y large enough)
()
as <€
o

for arbitrary (x — p)/o in the bounded region. Thus, a3z = 0.

Next, given results (307) and (308) and the fact that ag = a4 = a5 = 0, given any € > 0, we can
find an z, w region of positive measure (chosen so that (z — u)/o is large and y is bounded) such
that (letting x get large enough)

1

ST < (315)

ag X

This implies that as = 0.
Finally, results (307) and (308) and the fact that as = ag = a4 = a5 = 0 imply that a; = 0, or
a = 0 as needed.

19 Appendix J—Lehmann’s condition D

Lehmann’s condition D requires that there exists an open 5-dimensional set, S, that contains the
point 8y = (70, Bo, po, f10, 00), and that there exist functions M;j;(x,w) such that

0 log(f(w.w; 8))| _
8919]9k -

for all @ € S, and
Eg, (Miji(z,w)) < oo (317)

for all 4, 7, k.

The third partials of log(f(z,w;@)) are displayed in Appendix C. There are 35 third partials.
They can all be handled with five techniques. We will present these techniques in detail by using
them to handle some of the 35 partials, and then describe which of them are needed for each of the
remaining 35 third partials.

Let 0 < Yow < 70 < Yups Mow < 1 < Yups 1 < Biow < Bo < Bup, =1 < prow < po < pup < 1,
Hlow < 1o < fup, and 0 < 01w < 09 < 0yup. Then

S= (’Ylow:?’up) X (6]OW7/6UP) X (plovaup) X (Mlow;,uup) X (UIOW7Uup)

is an open neighborhood of 8y = (v, 5o, po, po, 00). Let

S = [’YIOW?qup] X [Blowaﬁup] X [plowapup] X [,Ulow>,uup] X [Ulowaaup]

denote the closure of S.
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Technique 1—portion of a partial is a continuous function of the parameters
alone (not involving w or x)

Because S is compact, the image of any continuous function on S is bounded. Thus, in those cases
in which a portion of the third partial is simply a function of 7, 3, p, 1, o (and not of  or w) we can
find a constant M that dominates the absolute value of that portion of the partial for all elements
of S.

This technique permits us to fully handle third partials (listed in Appendix C) 1, 6-9, and to
handle those portions of the other third partials that are dependent only on the parameters (and
not on = or w).

Technique 2—portion of a partial is (w” x exp (—(yw)?) x y x exp (y2/2))l‘C

We proceed here in a fashion similar to the fashion in which we proceeded in Appendix H. Let wigy
and wyp be defined as in the proof of Theorem 2. That is, we assume that results (36)-(41) hold
with ~, 8 replaced by 7o, 5o. We have

/OO
0
/wlow
0

w” exp (—(yw)?) y *
?(y)

Yo" Bow™~ exp (—(%w)’g 0) dw

wP exp (—(yw)®) y|"

0 Bow™ ! exp <—(Vow)5°> dw

¢(y)
wun | w8 exp (= (yvw)?) y |"
N / w” e p;(y()’)’w) ) Yy vgoﬁowﬁo_l exp <_('YOU})50> dw
% [ exp (—(yw)?) y|*
. / w” exp q(b(y()’)/’w) ) Yy ,Ygoﬁowﬁofl exp (_(70w)60> dw
= T +Tx+ T3 o

Note that we are now drawing a distinction between general (7, 8) € [Yiow; Yup) X [Blow, Bup] and
the true parmaeter vector (7o, 8o)-

It is clear that for (v, [, p,u,0) € S, the }wﬁ exp (—('yw)ﬁ) y/(b(y)‘k in Ty can be dominated
by a constant that does not depend on the parameter values, and that the resulting integral over
(Wiow, Wyp) 1s finite.

Now consider T5. By Lemma 1 and the facts that w,p, > 1 and for w > wyp,

(7“’)6 > (Vlowwup)ﬂ > ('Vlowwup)ﬁlow > ('70“73/4)60

(assumption (41)), for w > wy;, we have

whesp (~(rw)?)y| w? x exp (~(yw)?) x y"
o(y) exp (—(yw)?) x y
< whuwk (319)

Clearly, w”* does not depend upon the parameter values and the resulting integral over (wyp, 00)
is finite.
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Now consider T;. By Lemma 1, (299), and the facts that 71, < 1 and

(WU)B < (’Yupwlowyg < ('YUPU)IOW)ﬁIOW < min(1/4, (70w1/4)50)

we have

w? exp (—(yw)?) y "

?(y)

wﬁxexp(( ))
(1 —exp (= (yw)?)) x

wB k 1 k
e -

Clearly, this quantity does not depend upon the parameter values and the resulting integral over
(—00, Wioy) is finite.
This analysis of T, T, and T3 establishes that on 5,

(wﬂ X exp (—(7w)f3> X Y X exp (y2/2)>k

can be dominated by a function that does not depend on the parameter values whose expectation
(with respect to the 8y pdf) is finite.

Techniques 1, 2, and 5 (see below) together permit us to fully handle third partials 18, 22, and
27-31.

Technique 3—handling (z — p)/0 and ((z — p)/0)?
First note that |z — p|/o < ((x — u)/o)? + 1 so we only need to address ((x — u) /o).
Define
M= maX(’Mlow‘7 |MUP‘)
Then for 8 € S

<w—u) < (|z| + M)? |:1c|2—|—2\3U|M—i-M2 (321)
g B 0-120W 0-120W

Define
yo=o! (1 — exp (—(%w)ﬂo))

Then we have

/ 2] mm hexp( (= o) /70 — poyo)? /(2(1 = 73)) da

— /OO \x+uoymgo\/17exp<—<x/<aom>_poyo/ 1_p3)2/2> dx
h aomwruo J%exp<—<x—poyo/ 1—p3)2/2> dx

/.
OO 2 2 1 2
= oor/1—pg |+ poyo/\/1—p§ ) + 1o Eexp(—xﬂ)dm
—00
— /OO oo\/1 — pdz + aopoyo + o L exp (—2°/2) dx
oo V2T
2
< ooy/1 — p —= + aolpollyo| + |10l (322)
0\/27r

58



By a similar argument,

| g o e (- oon = pow)? (201~ ) do

= 05(1 = p3) + a3 piyd + 2u000poyo + 115 (323)

Results (321)—(323) and technique 4 below establish that for 8 € S, ((x — p)/0)? (and thus
|x — p|/o) can be dominated by a function that does not depend on @ and that is integrable with
respect to f(x,w;0).

Technique 4—handling y and 7>

Because |y| < y? + 1, we can focus on y2.
Let wiow and wy, be defined as in the proof of Theorem 2. That is, we assume that results
(37)—(41) hold with ~, 5 replaced by 79, 5p. We have

00 Wlow
/ y275° Bow?t exp (—('mw)ﬁo) dw / 2752 Bow? 1t exp (—(%w)ﬁo) dw
0

0
Wup
+/ 700 Bow™ 1t exp (—(’mw)ﬁo) dw
w

low

o0
+/ y?*75° Bow ! exp (—(VOUJ)BO) dw
w-

up

= T+ Ty+ T35 (324)

It is clear that for (v, 3, p,pu,0) € S, y? = (<I>_1(1 — exp(—(vw)ﬁ)))2 in Ty can be dominated
by a constant that does not depend on the parameter values, and that the resulting 75 integral is
finite.

Now consider T5.

We claim that for w large enough, y? is “like” 2(yw)?. From (39) and (41) (with ~, 3 replaced
by 70, 80), we know that for w > wy, and 8 € S,

(’Yw)ﬁ > (’Ylowwup)ﬁ > (710wwup)ﬁlow > (70w3/4)130 (325)
SO
y = (1 ~exp (—('yw)B)) > &71(3/4) > 0
Thus, we can apply Lemma 1 to obtain

21

1
2 B 2
—————exp (—y“/2) < ex (— w ) < exp (—y~“/2 326
T Vo p (—y%/2) <exp (v)ymp(y/) (326)
Taking logs, we then obtain

2 2 2

Y 1 y 5 < 1 ) y
lo F+log| —= | — = < —(yw)” +1o <lg|—]—= 327
g<1+y2> g< 27T> 5 (yw) g(y) < log o 5 (327)

or

2
log( Yy y2> /(—y2/2) + log <1> /(_y2/2) +1 > (’yw)ﬁ/(y2/2) +10g(y)/(—y2/2)
> log <\/12—7T> /(=y?/2) + 1 (328)

59



By (325), for w > wyp and any 0 € S,

y=2a" (1 TP <_(7w)ﬁ>> > (1 TP <_<7lowwup)610w)>

so we can make y arbitrarily large by choosing wy, large enough. Thus, by result (328), given any
0 > 0, we can choose wyp large enough so that w > w,p implies

1-6< (yw)?/(y?/2) <1+96
or, taking 6 = 1/2,
y*/4 < (yw)”

or
y? < 4(yw)? < A(ygpw)Pe (329)

Thus, for (7,3, p, i, o) € S, the y? in T3 can be dominated by a function that does not depend on
the parameter values, and the resulting integral over (wyp, 00) is finite.

Now consider T7.

We claim that for w small enough, y? is “like” —28log(yw). From (38) and (40) (with v, 3
replaced by 70, 5o), we know that for w < wyoy and 0 € S,

(10)° < (uptoion) o < min (1/4, (o11/4)") (330)

SO

y =071 (1—exp (~(yw)?) < @7(1/4) <0

Thus, we can apply Lemma 1 to obtain
2

- " \/127 exp (~42/2) < (1= exp (~(w)?) ) () <

Taking logs, we then obtain

log (ﬂ;) +log (\/127) . y; < log (1 — exp (—(’yw)ﬂ)) +log(—y) < log (\/127) . y; (332)

or

jﬂexp (~#/2)  (331)

g (25 ) /=2 +og (=) St/ 41 > —tog (1— e (—(w)%)) /02
+log(—y)/(—v*/2)
> log (\/127) J(=y?/2) + 1 (333)

Because vypWiow < 1 (result (40)), for w < wyey and and 6 € S,

y=>o"" (1 — exp (—(yw)'B)) <! (1 — exp (—(’yupwlow)ﬁlo‘”))

so we can make —y arbitrarily large by choosing wjo, small enough. Thus, by result (333), given
any 0 > 0, we can choose wyy, small enough so that w < wey implies

1-90< —log (l—exp (—(vw)ﬂ>>/(y2/2)<1+5 (334)
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Now by results (299) and (330), for w < wjoy and 6 € S,

1 —exp <—(7w)6> > (yw)? x 7/8

" log (1 — exp (—(vw)ﬂ>> > Blog(yw) + log(7/8)

or

~1log (1= exp (~(10)")) /(4?/2) < ~Blog(yw)/(v*/2) ~1og(T/8)/(5*/2)  (335)

Combining results (334) and (335) and the fact that —y can be made arbitrarily large by making
Wiow SmMall enough, we know that we can choose wjoy small enough so that for w < wyey and 8 € S

Y’ /4 < —Blog(yw) (336)
By assumption (40), for w < wyoy and 6 € S
1> “Yup Wiow > YW > VowW

SO
510g(7w) > Blog<710ww) > /Bup 10g<7loww) (337)

By results (336) and (337), for w < wiey (and wiey sufficiently small)

y2 < _4/8up IOg('}/loww) (338)

Thus, for (7,3, p,p,0) € S, the y? in Ty can be dominated by a function that does not depend on
the parameter values, and the resulting integral over (0, woy) is finite (because log(w) w1 — 0
as w — 0).

Thus, we have established that if the parameter vector lies in S, then y? (and hence y) is
dominated by an integrable function that does not depend on the parameter values.

Technique 5—handling w*’ and log(w)

On (wyp, ), w*8 log(w)’ is dominated by w*Auw* which is integrable with respect to
7 Bow L exp (—(yow)%). B
For w in the compact interval [wioy, wyp], and @ in the compact region S, the continuous function
w*P log(w)7 is dominated by a constant which is integrable with respect to 'ygo BowPo—1 exp (—('yow)ﬁo).
For w € (0, wow), |w*? log(w)’| is dominated by |log(w)|’ which is integrable with respect to
7€°60w60*1 exp (—(ow)™) because |log(w)[ w1 — 0 as w — 0.
Thus, if the parameter vector lies in S, then |w*® log(w)7| is dominated by an integrable function
that does not depend on the parameter values.

Applying the five techniques

We have already used techniques 1, 2, and 5 to establish that third partials (see results (102)
through (136)) 1, 6-9, 18, 22, and 27-31 satisfy Lehmannn’s condition D. Now we simply list the
remaining partials and the techniques needed to handle them. (Note that partials of y are given in
Appendix D.)

2: Techniques 1, 3, 4

3: Techniques 1, 3, 4
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4: Techniques 1-5

5: Techniques 1-5

10: Techniques 1, 3, 4
11: Techniques 1, 3, 4
12: Techniques 14
13: Techniques 1-5
14: Techniques 1, 3, 4
15: Techniques 1, 3, 4
16: Techniques 1-4
17: Techniques 1-5
19: Techniques 1-5
20: Techniques 1-5
21: Techniques 1-5
23: Techniques 1-5
24: Techniques 1-5
25: Techniques 1-5
26: Techniques 1, 3, 4
32: Techniques 14
33: Techniques 1-5
34: Techniques 1-5
35: Techniques 1-5

20 Appendix K—Behavior of pseudo-truncated Weibull as p — 1

From result (6) it is clear that we need to investigate the behavior of

N/D = (<1> ((cu -/ (le —pQ) —py/V1 —pz> -0 ((q — )/ (le —pQ) —py/V1 —p2>)
+(®((cu —p)/o) = @((a1 — p) /o)) (339)

as p — 0 where

y=90" (1 —exp (—(vw)ﬁ»

We have
Cu — p Py
N = & -
(G\/l—pQ \/1—p2>
CL— PY
— O — 340
(m-w w—pz) 10

— Yy (1-p)y

q)<0\;1—p2_ \/1—p2+\/1—p2)

_q>< a-¢# Y +(1—p)y>
o1—p J1—-p? 1—p?

® (arg,) — @ (arg)

First note that
(L-ply (I-p)y

= —0
Vi-p2 VI-pJI+p

(341)
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as p — 1. Next note that by the definition (7) of wy, for w < wy;

y = o7 (1-exp(~(w)?))

< 97! (1 — exp (—(’ywl)ﬁ)) _a-n (342)

g

Thus, from results (340)—(342), for w < w; both arg; and arg, converge to 400 as p — 1, and,
consequently N - 1—1=0as p— 1.
By the definition (8) of w,, for w > w,

y = &7 (1—exp<—(7w)ﬁ))

> ¢! (1 — exp <—(’ywu)6)) S (343)

g

So from results (340), (341), and (343), for w > w, both arg; and arg, converge to —oo as p — 1,
and, consequently N - 0—-0=0as p — 1.
For w € (wy, wy,)

y = &' (1 — exp (—(w)@)
> ¢! <1 — exp (—(’ywl)ﬁ)) = ; a (344)
and
y = o' (1—exp (—(vw)ﬁ))
< ot (1 — exp <—(’ywu)6)) = Cu; £ (345)

So from results (340), (341), (344), and (345), for w € (w;, wy,), arg; converges to —oo and arg,
converges to +00 as p — 1, and, consequently N -1 —-0=1as p — 1.

For w = wy

y = & (1 — exp (—(vwz)ﬁ)) — 2K (346)
o

From results (340), (341), and (346), for w = wy, arg; converges to 0 and arg, converges to +00 as
p — 1, and, consequently N —1—-1/2=1/2as p — 1.

For w = w,

y = &7 (1 — exp (—(ku)ﬁ)) = C"U_ & (347)

From results (340), (341), and (347), for w = w,, arg; converges to —oo as p — 1 and arg, converges
to 0, and, consequently N — 1/2—-0=1/2 as p — 1.

21 Appendix L—Proof that pseudo-truncated Weibulls are not
Weibulls

We need to show that, given ~; > 0, 81 > 1, there is no 2 > 0, 85 > 0 such that, for all w > 0,

ferw(w) = A7 Brw® " exp (-(7110)51>
X <‘I’ ((cu—u)/ (0\/1 —p2> —py/V1 —p2) -0 ((01—u)/ (0\/1 —p2> —py/V1 —p2>)
+(2((cu —p)/o) = ®((c1 — ) /o))

= 52 Bw® Lexp (*(’7210)52)
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where
y=2ao"" (1 — exp (‘(’Ylw)51)>

That is, we need to show that, for at least one w > 0,

R = (7161/722) (B1/Ba2) w7 exp (—(’hw)ﬁl> exp ((ww)ﬁ?) (348)
X (‘P ((Cu_:u)/ (0\/1 —p2) —py/\/l—p2) - ((q—u)/ (0\/1 —p2) —py/\/l—p2))
+(((cu — p)/0) — @((a1 — p)/0))

£ 1

First, consider the case in which 3; > 5. In this case, as w — 0, w? =72 exp (—(’ylw)ﬁl), and
exp ((12w)"?) stay bounded while

@ ((ew=m/ (ovVT=0) = pu/ V1= ) =@ (a1 = )/ (o3/T=p2 ) = py/ V1= 1?)

converges to 0. (We are assuming that p # 0.) Thus, result (348) holds.
Now consider the case in which 81 < 3. Let w — co. We have

exp (—(nw)® ) exp ((12w)®) = exp (w® (152 = A" jw=51))

and it is clear that for w large enough, this is greater than
exp (kwﬂQ) (349)

for some k > 0.
Next, let ay, = (cy, — p)/ (a\/l —p2>, ar = (g —p)/ <0’\/1 — p2), and b = p/+/1 — p?. Then,

for w large enough,

® ((cu—u)/ (0'\/1 —p2) —py/\/l—p2) - ((q—u)/ <0\/1 —p2> —py/vl—pZ)
a,—by

/ o(s)ds

1—by
(@ —ar) x ¢(ar — by)
(ay — ar) X ¢(2by)
(ay — ay) X (1/\/%) (exp (—y2/2))4b (350)

S

v vl Il

Now it is clear from results (348)—(350), that to determine the behavior of R for large w we
need only consider

T = w2 exp <kw’82> (gb(y))‘lb2 (351)

From Lemma 1, we know that for large w (and thus for large y) we can replace ¢(y) by (1 —®(y))y
to obtain

T = W exp (ku®) (1 - ®(y)y) ™ M(w)

= w' P exp <kw52> (exp <—(71w)f81>
)

= w2 exp <w52 (k: — 4()2*y1’31 whr =Pz 4b2M(w) (352)
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where M (w) — 1 as w — oo. For large enough w, this is greater than
w2 exp (w62k/2) y4b2M(w)

which (recall that 8y > 1) clearly converges to oo as w — oo. Thus, result (348) holds.
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Weibull with median 100, CV = .35
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I I I
50 100 150

Normal with mean 100, CV = .35

Figure 1: Contour plot of the bivariate Gaussian—Weibull density for Gaus-
sian and Weibull coefficients of variation equal to 0.35 and a generating
correlation of 0.5.
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Weibull with median 100, CV = .35
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2e-05
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Normal with mean 100, CV = .35

Figure 2: Contour plot of the bivariate Gaussian—Weibull density for Gaus-
sian and Weibull coefficients of variation equal to 0.35 and a generating
correlation of 0.7.
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Weibull with median 100, CV = .35
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50

50 100 150

Normal with mean 100, CV = .35

Figure 3: Contour plot of the bivariate Gaussian—Weibull density for Gaus-
sian and Weibull coefficients of variation equal to 0.35 and a generating
correlation of 0.9.
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Weibull with median 100, CV = .25
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Normal with mean 100, CV = .25

Figure 4: Contour plot of the bivariate Gaussian—Weibull density for Gaus-
sian and Weibull coefficients of variation equal to 0.25 and a generating
correlation of 0.5.
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Weibull with median 100, CV = .25
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Normal with mean 100, CV = .25

Figure 5: Contour plot of the bivariate Gaussian—Weibull density for Gaus-
sian and Weibull coefficients of variation equal to 0.25 and a generating
correlation of 0.7.
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Weibull with median 100, CV = .25
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Normal with mean 100, CV = .25

Figure 6: Contour plot of the bivariate Gaussian—Weibull density for Gaus-
sian and Weibull coefficients of variation equal to 0.25 and a generating
correlation of 0.9.
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Weibull with median 100, CV = .15
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Normal with mean 100, CV = .15

Figure 7: Contour plot of the bivariate Gaussian—Weibull density for Gaus-
sian and Weibull coefficients of variation equal to 0.15 and a generating
correlation of 0.5.
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Weibull with median 100, CV = .15
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Figure 8: Contour plot of the bivariate Gaussian—Weibull density for Gaus-
sian and Weibull coefficients of variation equal to 0.15 and a generating
correlation of 0.7.
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Weibull with median 100, CV = .25
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Normal with mean 100, CV = .15

Figure 9: Contour plot of the bivariate Gaussian—Weibull density for Gaus-
sian and Weibull coefficients of variation equal to 0.15 and a generating
correlation of 0.9.
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Actual order statistics
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Figure 10: Weibull probability plot of a pseudo-truncated Weibull with gen-
erating coefficient of variation equal to 0.25 and generating correlation equal
to 0.0. The straight line is the ordinate equals abscissa line.
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Actual order statistics
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Figure 11: Weibull probability plot of a pseudo-truncated Weibull with gen-
erating coefficient of variation equal to 0.25 and generating correlation equal
to 0.99. The straight line is the ordinate equals abscissa line.
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